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Abstract

A Likelihood Model of
Gene Family Evolution

Lindsey Dubb

Chair of the Supervisory Committee:
Professor Joseph Felsenstein

Genome Sciences

The duplication of genes is a source of new genes, and thus can be of great

interest. This thesis presents a simple model of gene duplication and gene loss,

and a method by which the probability of a gene phylogeny can be computed

for particular rates of these processes. This allows the likelihood of duplication

and loss rates for a particular gene phylogeny to be determined. Using such

calculations, I have examined the ability to estimate duplication and loss for a

variety of different types of gene phylogenies.

Genetic data do not specify a single gene phylogeny with certainty. By in-

tegrating over many possible gene phylogenies via Markov chain Monte Carlo

methods, uncertainty in the gene phylogeny is allowed. I have written a com-

puter program to perform this calculation for DNA sequence data. With this,

I have examined sources of variance in the estimation of gene duplication and

loss rates.





TABLE OF CONTENTS

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

Chapter 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Importance of Gene Family Evolution; Purpose of Work . . . . . . 1
1.2 Definition of Terms . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

Chapter 2 Related Research . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.1 Analysis of Gene Family Members as Separate Species . . . . . . 9
2.2 Parsimony Based Approaches . . . . . . . . . . . . . . . . . . . . . 10
2.3 Probabalistic Treatments . . . . . . . . . . . . . . . . . . . . . . . 13
2.4 Models of Duplication and Loss . . . . . . . . . . . . . . . . . . . . 15
2.5 Mathematical Properties of the Birth-Death Process . . . . . . . . 18
2.6 Detection of Paralogy . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.7 Genomic Rearrangement Models . . . . . . . . . . . . . . . . . . . 23
2.8 Empirical Studies of Duplication and Loss Rates . . . . . . . . . . 25

Chapter 3 The Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.1 Likelihood under the Model . . . . . . . . . . . . . . . . . . . . . . 27
3.2 Doomed Lineages . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.3 Description of the Model . . . . . . . . . . . . . . . . . . . . . . . . 29
3.4 Calculation of Probabilities . . . . . . . . . . . . . . . . . . . . . . 31
3.5 Missing Members of the Gene Family . . . . . . . . . . . . . . . . 36
3.6 Assumptions of the Model . . . . . . . . . . . . . . . . . . . . . . . 36
3.7 Consideration of Specific Details . . . . . . . . . . . . . . . . . . . 41

i



Chapter 4 Computational Methods . . . . . . . . . . . . . . . . . . . . . 49
4.1 Known Gene Phylogeny Case . . . . . . . . . . . . . . . . . . . . . 50
4.2 DNA Sequence (Unknown Tree) Case . . . . . . . . . . . . . . . . 51
4.3 Program Design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
4.4 Maximum Likelihood Estimates and Chain Control . . . . . . . . 56
4.5 Choice of Starting Tree and Parameters . . . . . . . . . . . . . . . 58
4.6 Tree Rearrangement . . . . . . . . . . . . . . . . . . . . . . . . . . 62
4.7 Calculation of Acceptance Probabilities . . . . . . . . . . . . . . . 68
4.8 Verification of Results . . . . . . . . . . . . . . . . . . . . . . . . . . 69
4.9 Computational Optimization . . . . . . . . . . . . . . . . . . . . . 71

Chapter 5 Analysis with Known Gene Phylogenies . . . . . . . . . . . . 73
5.1 Infinite DNA (Unknown Doomed Lineages) . . . . . . . . . . . . . 73
5.2 Properties of the Model . . . . . . . . . . . . . . . . . . . . . . . . . 74
5.3 Robustness to Assumptions . . . . . . . . . . . . . . . . . . . . . . 87

Chapter 6 Analysis of DNA Sequences . . . . . . . . . . . . . . . . . . . 94
6.1 Accuracy on Simulated Data . . . . . . . . . . . . . . . . . . . . . . 94
6.2 ANOVA Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
6.3 Sources of Variance in Estimation . . . . . . . . . . . . . . . . . . 98

Chapter 7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

Chapter 8 Additional Concerns . . . . . . . . . . . . . . . . . . . . . . . 103
8.1 Genomic Effects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
8.2 Population Size Effects and Coalescent Times . . . . . . . . . . . . 109
8.3 Uncertainty in the Species Tree . . . . . . . . . . . . . . . . . . . . 110
8.4 Related Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
8.5 Genomic Context . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

ii



LIST OF FIGURES

Figure Number Page

1.1 Names for nodes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2 A gene family tree within a species tree, with the parts named . . 7
1.3 Paralogy and orthology . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.1 Reconstructed birth-death process . . . . . . . . . . . . . . . . . . 19

3.1 Terms used in the calculation of LN ′(i) . . . . . . . . . . . . . . . . 33

4.1 Calculation of ts(M) . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
4.2 Correspondence between gene family tree and species tree nodes 61
4.3 Nodes in G which can be chosen for rearrangement . . . . . . . . 63
4.4 Reattachment, example 1 . . . . . . . . . . . . . . . . . . . . . . . 66
4.5 Reattachment, example 2 . . . . . . . . . . . . . . . . . . . . . . . 67

5.1 Species tree example: Likelihood estimates from single gene fam-
ily trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.2 One gene tree simulated on species tree 5.1 . . . . . . . . . . . . . 76
5.3 Likelihood surface for a single gene phylogeny . . . . . . . . . . . 77
5.4 Likelihood surfaces for 12 different gene family trees . . . . . . . 78
5.5 Likelihood surface from 10 gene families with the same parameters 81
5.6 Species tree example: With base branch . . . . . . . . . . . . . . . 82
5.7 Species tree example: No base branch . . . . . . . . . . . . . . . . 83
5.8 Likelihood surface of a larger tree . . . . . . . . . . . . . . . . . . . 83
5.9 Likelihood surface of a large, less “balanced” tree . . . . . . . . . 84
5.10 Species tree example: Effect of scaling parameters . . . . . . . . . 85
5.11 On the left: λ = 1.8, µ = 1.2; On the right: λ = 1.2, µ = 1.8 . . . . . 86
5.12 On the left: λ = 1.8, µ = 0.1; On the right: λ = 0.1, µ = 1.8 . . . . . 86
5.13 Species tree example: Effect of approximation of sums . . . . . . 88
5.14 Likelihood surface with cap to summation in equation 3.8 . . . . 88

iii



5.15 Species tree example: Effect of ascertainment . . . . . . . . . . . . 90
5.16 Likelihood surfaces for trees with and without gene family ascer-

tainment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
5.17 Likelihood surfaces for trees with and without species ascertain-

ment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
5.18 Species tree example: Effect of missing genes . . . . . . . . . . . . 92
5.19 Likelihood surfaces: Effect of missing genes . . . . . . . . . . . . . 93

6.1 Species tree used with simulation study . . . . . . . . . . . . . . . 95

iv



LIST OF TABLES

Table Number Page

5.1 Types of gene phylogenies which gave rise to the likelihood sur-
faces in figure 5.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

6.1 Means and SDs of estimated parameters . . . . . . . . . . . . . . 95
6.2 Sources of variation in λ̂ . . . . . . . . . . . . . . . . . . . . . . . . 98
6.3 Sources of variation in µ̂ . . . . . . . . . . . . . . . . . . . . . . . . 99
6.4 Sources of variation in log λ̂ . . . . . . . . . . . . . . . . . . . . . . 100
6.5 Sources of variation in log µ̂ . . . . . . . . . . . . . . . . . . . . . . 100

v



ACKNOWLEDGMENTS

The author would like to express gratitude to Joe Felsenstein, my graduate

advisor, for his thoughts, careful feedback on this thesis, and support. My

thanks go also to the members of the laboratory for their help and example. I

am also grateful to the members of my committee for their time and for their

reading and thoughts on this thesis.

I would like to thank the Genetics and now Genome Sciences departments.

In particular Brian Giebel in the Genome Sciences office has been of great

assistance with the many forms and procedures on the way to graduation.

My sincere gratitude goes also to Brendan Stewart for her encouragement

and support, and for her reading and editing of this document.

vi



1

Chapter 1

INTRODUCTION

1.1 Importance of Gene Family Evolution; Purpose of Work

The evolution of gene families is an important aspect of molecular evolution.

A central goal of the study of molecular evolution is an understanding of the

relationships between genes. Therefore the form and parameters of those rela-

tionships are themselves notable. By finding out what we can about relation-

ships between genes, we learn about the process by which new genes arise. In

this way we can hope to better understand and predict relationships among

genes in general.

These gene relationships can take many forms. Genes can be related due

to duplication, which produces a new copy of a gene within a species, lateral

transfer between species, or by conversion of part of a gene by part of a similar

gene. Each of these relationships can potentially occur in a variety of ways. For

tractability, however, it is necessary to narrow down the kinds of relationships

under study. Here I will examine gene duplication and loss within a group of

related species using one specific simple model.

The goal of this thesis is to present this model of gene family evolution,

describe methods of its application to the analysis of data, and evaluate its

behavior under a variety of circumstances. This distinguishes my work from

previous studies of gene duplication primarily in that my approach uses an

explicit probability model of duplication and loss. (These other gene duplica-
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tion studies will be described in detail in chapter 2 of this thesis.) Clearly my

model does not — and could not — allow for all natural processes that occur

in gene evolution. However, with this model-based approach, the probability

of data on a particular gene phylogeny can be calculated, and maximum like-

lihood estimates of the model’s parameters can be inferred. This provides a

means by which we can sum log likelihoods over multiple gene phylogenies,

weighting according to the probability of each gene phylogeny. In addition, the

assumptions of the model are explicit, and the effects of those assumptions

on inference can be examined. Furthermore, by providing a simple model as

a framework, it should be possible to extend the model in a variety of ways.

Thus, though there are limitations to this simple model, they are explicit and

can be analyzed, and it should be possible to add important complexities in

further work.

Gene family evolution, though of interest in itself, is also important when

inferring the relationships among species. In much phylogenetic research, the

genes under study are in a family of related genes. (See, for example, Slowin-

ski and Page 1999 for a review of this.) Though systematists often attempt to

use only orthologous genes (genes related through speciations and not dupli-

cations), orthology is difficult to confirm. This also severely limits the genes

available for study. In addition, many researchers choose the genes they study

not for orthology but rather for a function of interest.

To allow for likelihood-based phylogenetic inference (including Bayesian

methods) using genes which may be related through duplication, it must be

possible to calculate the likelihood for the parameters of gene duplication and

loss on a gene phylogeny. In turn, phylogenetic trees can be of interest not only

for the species phylogeny in itself, but also for inference about traits of the or-

ganisms within the phylogeny. Likewise, for inference of these to be based on
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gene family information, a gene family model is needed.

1.2 Definition of Terms

To describe and discuss the evolution of genes within a gene family, it is first

necessary to define the terminology being used. For the most part, I will use the

standard terminology of the phylogenetics literature. However, though most of

these terms are already familiar, some have multiple meanings depending on

context, or are not clearly defined. Therefore, I will explain how these terms

will be used within the thesis.

A “species” is taken in a historical, phylogenetic sense to mean a group of

organisms which shared genetic information over a period of time.

A “species phylogeny” or “species tree” is defined here as a tree of the evolu-

tionary relationships among a group of species. In equations and when using

the term repeatedly, a specific species phylogeny will sometimes be referred to

by with an uppercase S.

“Gene” will be used to mean a contiguous length of DNA in a single species.

Its use does not imply that the DNA has a function.

A “gene family” is used to name a group of related genes. “Gene phylogeny”

or “gene family tree” will be used to describe the tree of relationships among

those related genes within a species phylogeny. “Gene phylogeny” is the term

used by Goodman et al. (1979) in the paper that introduced the reconciliation

of gene and species phylogenies. It is admittedly a somewhat unwieldy phrase.

The shorter name “gene tree” has often been used for this in the gene family

literature. However, “gene tree” has also been used in the discussion of the

coalescent process to describe the relationship between different copies at a

locus. To avoid confusion with other uses of “gene tree,” I have chosen to use the

longer original terms, instead. (Perhaps at some future time, gene family trees
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will be found using multiple copies at each locus, and the distinction between

gene trees and gene family trees will disappear. In this thesis, however, the

two are different.) In equations, and when using the term repeatedly, a specific

gene family tree will sometimes be referred to by an uppercase G.

Since much of this thesis is concerned with details of the structure of trees

(both of species and of genes), they will need to be described clearly. Each ver-

tex in a tree will be called a “node.” Internal nodes in a species tree represent

speciation events, while internal nodes in a gene family tree represent either

gene duplications or the effect of a speciation event on a locus. Terminal nodes

will be called “tips.” A connection between nodes will be called an “internode.”

An internode and all nodes and internodes descendant of that internode will

be referred to as a “subtree.” A “child” node of a node N will be a node imme-

diately descendant of N , while a “parent” of N will be the node immediately

ancestral. See figure 1.2 for a graphical description of these terms.

The bottommost node at which two lineages come together will be called the

“root” of the tree. The bottom of the branch below the root is called the “base”

of the tree. This definition does not follow convention for the field, which in

general does not consider the tree below its root. The base represents the

tree before its earliest branching. Since it is possible that there will be gene

duplication before the root of the species tree, it is necessary to consider this

extra internode below the species tree root. In this paper, all the species trees

will have a base and a root, and all gene family trees will have a root.

For consistency, the bottom of a tree will always represent its past, with

time increasing toward the present at the top of the tree. Earlier points in

a tree will sometimes be referred to as the “bottom” or “beginning,” while a

later points will be called the “top” or “end.” (Note that this is far from stan-

dard in the literature. In particular, writings on graph theory of rooted trees
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Time

Node N

A tip

An internode

A child

of N

The parent of NThe root

The base

Figure 1.1: Names for nodes
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customarily place the root at the top of the tree.)

An “exemplar” represents the original gene that gives rise to a new gene

locus through duplication. In my model, the new gene and the exemplar cannot

be distinguished using the data. However, there is some potential to infer this

through means of models that consider population size or genomic context.

“Paralogs” are genes that share a common ancestor at a duplication event.

“Orthologs” are genes in different species that share a common ancestor at a

speciation event. These follow the original definition of terms by Fitch (1970).

Paralogy and orthology are meaningful as a description of the common ances-

tor of two gene family members, and do not describe an entire tree. As a result

there is some oddity to this terminology, since though genes A and B may be

paralogs, gene C may be orthologous with both of them (see figure 1.3). This

has been pointed out by a number of researchers — See, for example, Fitch

(2000).

“Doomed lineages” are defined as lineages for which all descendants are

lost before the time gene family members were sampled. “Surviving lineages”

are the opposite: These are genes that have descendants among the sampled

genes. “Known doomed lineages” are those doomed lineages that must neces-

sarily have existed after a speciation event if a lineage survives in just one of

the descendant species. (This is the result of a model assumption that a gene

in an ancestral species will be inherited by both descendant species.)

A “duplication” is an event in which a single locus with a member of a gene

family gives rise to two loci (the original exemplar and one new locus). In this

thesis, there will be the simplifying assumption that two loci will be found

throughout the population immediately after the duplication event. A “loss” is

an event in which a single locus with a member of a gene family can no longer

be found in a species. These definitions, their accompanying assumptions, and
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Figure 1.2: A gene family tree within a species tree, with the parts named



8

A CB

Figure 1.3: Paralogy and orthology: A and B are paralogs, as they are related
through a duplication event. A and C (and B and C) are orthologs, because
their common ancestor is at a speciation event.

their relation to biological events will be discussed in more detail in subsection

3.7.1.

“Lateral transfer” will refer to a historical event in which the gene from one

species enters the genome of another.

“Gene conversion” refers to the replacement of part or all of one gene with

part or all of another, similar gene in a nonreciprocal process. This does not

change the length of the gene (as for unequal crossing-over).

“Blurp” and “Quilg” are the names of two computer programs I have written

to implement the methods described in this thesis. Blurp calculates likelihoods

when the gene family tree is known precisely, while Quilg does so with DNA

data, without precise knowledge of the gene family tree.

Following standard practice in the literature of the birth-death process, the

rate of duplication (births) will be referred to as λ, and the rate of losses as µ.
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Chapter 2

RELATED RESEARCH

2.1 Analysis of Gene Family Members as Separate Species

There is a very extensive literature which examines families of genes. Most

of these are concerned with the members of a single gene family, rather than

with gene families in general. Many such studies use phylogenetic inference

programs, treating each locus in the gene family as a separate species. This

approach does not make use of information about the species in which each

gene family member is found. Members of a gene family in different species

can have a common ancestor only once they are in a species which is ancestral

to both species in which those genes were found. When treating genes as sepa-

rate species, genes can instead have a common ancestor at any time, implying

that they are able to travel between species at will. Or from another perspec-

tive, the species phylogeny introduces constraints to the time of events on the

gene family tree. Analysis of genes as separate species necessarily fails to con-

sider these constraints. Furthermore, as gene duplications and losses are not

considered to be stochastic events in these models, there is no change in the

likelihood (or in the case of parsimony methods, penalty for the occurrence) of

a tree with one or more such events.

The process by which gene families have evolved has also been examined

for certain gene families, particularly in the study of immune proteins (see for

example Ohta 1983; Gu and Nei 1999; Garrigan and Edwards 1999). Much of

the recent literature has compared the relative importance of duplication/loss

and gene conversion in the evolution of these molecules. These studies have
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largely been based on the degree to which members of a gene family in each

species resemble one another more than the genes in another species.

2.2 Parsimony Based Approaches

The relationship between species phylogenies and gene phylogenies has led

some researchers to define methods by which the phylogeny of the species can

be used to help find the phylogeny of the genes in those species. These methods

assume, as does my model, that a series of duplications and losses lead to the

current set of genes. Unlike my method, the methods in this section are all

based on parsimony criteria — the minimization of the number of certain kinds

of events.

The first such method was introduced by Goodman et al. (1979). In that

paper, the total number of gene duplications, “expression events,” and DNA

substitutions were minimized for the (assumed) species phylogeny. Expression

events were the gain or loss of the ability to identify the gene. The authors sug-

gested that this might represent a deletion, but could also be considered any

other change decreasing or increasing the ability to detect that gene. They used

their described optimization criteria to evaluate different gene phylogenies of

the myoglobin and α- and β- hemoglobin genes, and showed a result more in

keeping with other data for the gene family trees than could be obtained from

any of these groups of genes, alone. Although their method described criteria

for the optimality of a gene family tree, it did not give an algorithm for the de-

termination of such an optimal tree. Due to this and the lack of suitable data

at the time of its publication, their method has rarely been used.

Fitch (1979) criticized this method as an arbitrary weighting of duplica-

tions, expression events, and DNA substitutions. This question of weighting

was raised again along with possible weighting methods in Ronquist (2003).
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Ronquist recommended as the best solution the selection of weights which pro-

vide the clearest phylogenetic signal as determined by resampling the charac-

ter data.

The method of Page and Charleston (1997) is similar to that of Goodman et

al. (1979), but is instead designed to find the unknown species tree from given

gene trees. It also includes a heuristic algorithm to implement their method,

and a computer program which uses this algorithm. Their method counts only

duplications (or only duplications and losses), not expression events and DNA

substitutions. The authors suggest that only duplications should be counted

if the sampling of gene family members is incomplete, as otherwise their ab-

sence will be incorrectly attributed to a loss. If all the gene family members

are fully sampled, however, the sum of duplications and losses is favored for

its higher ability to resolve between gene phylogenies. Page and Charleston’s

method assumes that the topology of the gene phylogeny is precisely known.

To avoid this, Page (2000) later suggests the step of allowing nearest neighbor

interchanges at weakly supported nodes. The method has more recently been

extended in Page and Cotton (2000) to resample the data to allow for a lack of

certainty about the gene phylogeny. Page and Cotton (2002) also suggested the

use of Bayesian credibility intervals as an alternative to bootstrap resampling.

Page and Charleston’s method has been improved by Hallett and Lagergren

(2000), who provided a faster (polynomial-time) non-heuristic method of com-

puting the optimal gene family tree for minimized duplications and losses.

A different method of parsimony-based inference of duplications was pro-

posed by Zmasek and Eddy (2002) and made available in their RIO (Resam-

pled Inference of Orthologs) package. This program takes a group of DNA

sequences in a set of species along with a user provided species phylogeny. By

resampling the DNA sequences, sets of gene family trees are generated. With
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each gene family tree produced, the program determines where duplications

have occurred. By summing over all the bootstrap replicates, RIO is able to

provide a percentage of those trees which support paralogy versus orthology

for each pair of gene family members.

Another method, of Guigó, Muchnik and Smith (1996), instead treats any

number of duplications in a species phylogeny’s internode as caused by a sin-

gle duplication episode, and suggests the minimization of these episodes. This

third method allows the gene phylogeny and species phylogeny to be deter-

mined simultaneously, but the method is (according to the paper) very prone to

finding a local rather than a global minimum number of duplication episodes.

(To avoid this problem, Guigó, Muchnik and Smith used starting species phy-

logenies believed through separate analysis to be correct.) The problem of

minimizing duplication episodes has since been shown by Fellows, Hallett and

Stege (1998) to be NP-hard.

Simmons, Bailey and Nixon (2000) introduced a method to infer a species

phylogeny without being mislead by gene duplications. This uninode coding

method attempted to remove any paralogous comparisons in a phylogeny by

first inferring the location of duplication events in the phylogeny, then treating

each descendant subtree of the duplication separately. Each duplication (but

not deletion) is considered to be a single event for purposes of minimization of

events on the tree. No method is given for inferring the location of duplication

events — It is assumed they can be found by inspection of the phylogenetic tree

(in which all gene family members are treated as species). The number of DNA

changes plus duplications is then minimized by comparing genes only within

the subtrees. In the case of a gene phylogeny, this method correctly minimizes

changes only if the locations of the duplication events are exactly correct. Thus

it is likely to be vulnerable to gene losses and incomplete sampling, which can
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obscure the occurrence of duplications.

Each of the models described above minimizes a different quantity — gene

duplications, expression events, and DNA substitutions (Goodman et al. 1979),

duplications or duplications plus losses (Page and Charleston, 1997), duplica-

tion episodes (Guigó, Muchnik and Smith 1996), and duplications and char-

acter substitutions (Simmons, Bailey and Nixon 2000). Justification for the

particular choice of events to minimize is rarely explicit in these articles.

Felsenstein (1981a) showed that parsimony-based inference of a phylogeny

(without duplications or losses) is equivalent to likelihood based inference when

the probability of one substitution is always greater than that of two substitu-

tions — that is, when the probability of a change is extremely small. Using

this logic, it can similarly be shown that the assumptions of duplications and

losses made in the parsimony methods are justified under a likelihood model

when rates of the events (duplications and losses, for example) are extremely

small.

2.3 Probabalistic Treatments

Gu (2000) presents a way to find pairwise distances between species (and us-

ing distance-based tree inference methods, a species phylogeny) and provides

formulas for the probability that a pair of species will both have members of

the same gene family. This was limited by the use of a simple death process

without births, and analysis of just one specific tree topology.

Gu (2000) suggests that this can easily be extended to a simple birth-death

process. However, there are some problems with the method presented. The

equation for calculating probabilities is given in the article on page 520, equa-

tion 16. There, Gu sums over all possible numbers of gene family members

at every node in the gene family tree. This is correct, but is feasible only
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for trees with few nodes, and only in the case of a simple death model. The

birth-death model presented immediately thereafter can theoretically lead to

interior nodes with any number of gene family members.

More importantly, the method described considers only the number of gene

family members present in each current species, and not the degree of similar-

ity between members of the gene family. Thus it does not take into considera-

tion the topology of the gene family tree, and thereby loses a significant source

of information. On the other hand, in cases where it is extremely difficult to

align and compare sequences, this loss might be less important, or even an ad-

vantage. In addition, this method could potentially be useful when employing

a screening method (such as PCR) to identify the presence or absence of a gene

family without attempting to sequence each gene family member.

Arvestad et al. (2003) used the results of Nee, May and Harvey (1994) (de-

scribed in section 2.4 of this thesis) to calculate the probability of a birth-death

process of gene evolution occurring within each species in a species tree. This

was done through a Markov chain Monte Carlo (MCMC) method. Specifically,

they begin with a gene family tree with a specified topology and a labelling of

which tip of the gene family tree is found in each species. The branch lengths,

however, are not given, but rather iteratively changed by MCMC. The algo-

rithm then estimates the probability of each reconciliation. That is, given a

known species tree and set of genes related by a known topology, they show

how to estimate the probability of any particular set of branch lengths. This

is similar to the calculation of the probability of a specific gene family tree in

my own work. However, the method of Arvestad et al. (2003) does not permit

duplications in the gene family tree prior to the root of the species tree. This

method also requires the use of MCMC for the calculation. This requirement

was removed by their next paper, described in the following paragraph.
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In Arvestad et al. (2004), their method was changed in a number of ways.

Among other work in the field, this is the most similar to the work presented in

this thesis. Like my own methods, the authors determine the probability of the

gene family tree by calculating the probability at each internode in the gene

family tree, recursively calculating likelihoods toward the root of the species

tree. Unlike my own methods, they do not explicitly calculate the likelihood of

the tree above each node (i.e., of the subtree defined by the node) conditional

on the number of doomed lineages at that node. Instead, they calculate prob-

abilities directly from the process resulting from a “reconstructed” birth-death

process that has had any lineages which are lost before the present removed.

Using this method of calculating the probability of a gene family tree in a

known species tree, the authors use MCMC in a Bayesian framework to esti-

mate the posterior distribution of gene family trees. They use this distribution

to estimate the posterior probability that a particular pair of gene family mem-

bers is related through orthology versus paralogy.

There is an implicit assumption in this method that the gene family tree

begins at the base of the species tree. Ideally one would want to allow for

duplications below the root of the species tree. Though my own method does

allow for duplications prior to the root of the species tree, it, too, does not

employ an ideal method to consider the root of the tree. This will be discussed

in more detail in subsection 3.7.2, starting on page 42. It is also not possible to

verify the formulas of Arvestad et al. (2004) numerically, as the program used

to implement their method is not yet available.

2.4 Models of Duplication and Loss

Studies of the biology and population genetics of gene duplications and dele-

tions are relevant to this work, as they suggest ways in which gene duplication
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models should be formulated and point to possible shortcomings in such mod-

els. The duplication and deletion of genes has been seen both in vitro and

through examination of changes in DNA sequences. In bacteria, for example,

as many as 1 in 104 new cells show duplications in certain genes (Watson et

al. 1987). These are thought to arise primarily through crossing-over events

between homologous regions of DNA during the replication process. Tandem

duplications have often been observed as a result of selection for drug resis-

tance in both bacteria and in cultured eucaryotic cells (Watson et al. 1987).

Deletions occur due to a number of different causes. In E. Coli, approxi-

mately 1 in 20 spontaneous mutations are deletion events (Clark 2005). They

are believed to occur due to a variety of causes including unequal crossing

over, radiation damage, and transpositions (Watson et al. 1987). Evidence for

deletions has also been seen due to somatic mutation in cancerous tissues (see

for example Montesano, Hollstein and Hainaut 1996 for a review). In addi-

tion, deletions have been seen as the result of chromosomal abnormalities in

humans (K.-S. Chen et al. 1997).

The population genetics of a duplicated gene with the same function as

the original were first studied by Haldane (1933) and Fisher (1935). This has

more recently been modelled in more detail by a number of researchers. Chris-

tiansen and Frydenberg (1977) studied the process of loss of functionality in a

two locus model with mutation to loss of function at each locus, and with se-

lection against the mutations only when both loci had lost their functionality.

They graphed the stable gene frequency levels on a two dimensional graph of

frequency at locus A versus frequency at locus B. When the rate of mutation to

loss of function is the same at each locus (as might be the case after a duplica-

tion event), their model predicts a hyperbola of stable frequency values along

which the frequencies can drift. As their model does not allow a mutation to
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return to functionality, this unstable equilibrium will eventually drift to the

loss of one or the other of the functional genes.

This was later examined by Clark (1994) and Nowak et al. (1997), who

found that duplications could be maintained when deleterious mutations to

the gene are common, as the presence of one functional copy could prevent the

loss of fitness if the other copy were to mutate to become nonfunctional.

The genetics of duplicates of genes in the presence of changes in function

has also been studied. Walsh (1995) looked at the dynamics of the duplication

of genes with the addition of a process in which one of the pair of genes can gain

a selectively advantageous new function, and compared the dynamics of such

duplicates with those without new functions. With this model, Walsh found

that the rate of fixation of advantageous duplicate genes was S/(1−e−S), where

S = 4Nes, Ne is the effective population size, and s is the additional fitness of

the advantageous gene in a heterozygote. Force et al. (1999) examined the fate

of a duplicated gene when the new and original copies both lose parts of their

function (referred to as subfunctionalization). Lynch, et al. (2001) further ex-

amined the fate of a new duplicate under a number of different circumstances

using simulation. They again found a role for population size in the rate of

fixation of duplicates with new functions. In addition, the authors found that

the kind of new function established will also tend to depend on the population

size; Larger populations tend to favor completely new functions, while smaller

populations tend to acquire new genes through subfunctionalization. They also

examined the possibility of linkage between gene duplicates, finding that in the

case of linkage (only), the existence of a duplicate gene can be maintained due

to its protection from a deleterious mutation in either of the copies. Otherwise,

a duplication without a new function would only be selectively advantageous

if two copies have a selective advantage over a single copy due to errors in
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intracellular processing.

2.5 Mathematical Properties of the Birth-Death Process

Kendall (1948) wrote much of the theory of the birth-death process. Thomp-

son (1975) added to this by examining the tree of lineages from a birth-death

process which survive to the present time. The author found the joint density

of the number of current genes and the times and order of their branching.

Nee, May, and Harvey (1994) examined the birth-death process conditional

on the survival until sampling of at least one lineage, which they called the

“reconstructed process” (see figure 2.1). They found this conditional process

to describe a pure birth process with a changing rate of births. Using this

process, they determined the likelihood function of a reconstructed phylogeny.

This was again done conditional on the survival of at least one lineage, but

not conditional on the observed number of surviving lineages. Their equations

counterintuitively demonstrate that rates of gene loss can indeed be inferred

using just the tree of surviving lineages. They also provided equations for

partial sampling of gene family members in the present, assuming a known

probability that each would not be sampled.

Rannala and Yang (1996) conditioned instead on the number of genes at

the time of sampling. In the context of their paper (which uses the birth-death

process to model speciation and extinction), this was the number of species

rather than the number of genes. They calculated the joint density of the or-

der of branching and times of duplications conditional on a specific number of

current species.
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Time

Figure 2.1: The tree on the left is a sketch of a simulated birth-death process
with 10 tips. The bottom is the start of the process, and the top is the time of
observation of the lineages. Losses are shown as lineages which stop before the
top of the tree. On the right is the same tree, but showing only the relation-
ships between lineages which survived to the time of observation. This tree on
the right is the “reconstructed” birth-death process.
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2.6 Detection of Paralogy

Much of the literature about gene duplications and losses appears to be con-

cerned primarily with the distinction between paralogy and orthology — that

is, whether the most recent common ancestor of two gene family members oc-

curred at a duplication or a speciation event.

When a basis for interest in this question is given, it is most often because

the researcher is asking another question for which the relationship between

those gene family members is important. In the most common case, the re-

searcher wants to know how multiple species are related, and would prefer to

use orthologs rather than paralogs, as the gene family tree of the former will

usually correspond more closely with the species phylogeny. Another similar

example can be found when attempting to time speciation events via a molec-

ular clock.

These are cases in which paralogy (i.e., gene duplications) make analysis

more difficult. However, the problem here lies in algorithmic difficulty, not

in any flaws with paralogous genes. Paralogs do contain information about

species trees. In addition, there are problems introduced when discarding par-

alogous genes. In particular, when there are two genes which are paralogous

to one another, but orthologous to a third gene (see figure 1.3, page 8), it is

unclear which of the paralogs should be removed from the analysis. There is

also a small danger of biasing the sample of genes, since only members of gene

families are discarded. Unless there is some aspect of larger gene families

which cause them to evolve in a different manner, however, this would not be

a problem.

More importantly, it is not generally possible to determine with certainty

whether genes are orthologs or paralogs. As a result, it is necessary to take

account for this uncertainty in this estimate, rather than simply discard any
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genes which appear to be paralogous. This thesis will demonstrate the basis

for this approach in the case of estimation of rates of duplication and loss.

There is, however, one instance in which the duplication event in and of

itself could be important. If duplication is related to the acquisition of new gene

functions, then orthologs will tend to have similar functions, while paralogs

will have different roles. This supposition, however, cannot hold in all cases.

This is made clear in the example where A and B are paralogous, but C is

orthologous to both. If a duplication gives rise to new functions in the copied

locus, then an ortholog to both will share the function of at most one of those

copies, refuting the statement that orthologs share functions.

To avoid this pitfall, Zmasek and Eddy (2002) introduced a new concept

called “super-orthology.” Super-orthologs are gene family members which not

only share a common ancestor at a speciation event, but also were never dupli-

cated between their most recent common ancestor and the present. This would

appear to provide pairs of genes which will tend to share the same function.

However, there remains the possibility that there has been a past duplication

event for which the data has no direct evidence. For example, the researchers

may not know of all members of the gene family, or a duplication might have

occurred followed by the loss of one of the copies. One can avoid this problem

by hypothesizing that new functions will only occur with duplications when

both the original and the duplicate survive for some time after the duplication

event. (If new functions tend to evolve only when selection is removed for the

maintenance of the original gene function, then the loss of either copy could

prevent the development of new functions.) However, this dependence on sur-

vival of both gene family members does not avoid the possibility of missing a

gene family member when sampling. It also does not entirely avoid the ques-

tion of gene deletion, since a gene might have been deleted a long time after a
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duplication event. Finally, it is also possible that new functions could evolve in

a gene without its duplication.

If new functionality arises only in the new duplicate, and not in the original,

then this implies a fundamental difference between the two copies. In this case

the researcher is directly interested in paralogy versus orthology, since the

event of duplication has a pronounced effect. One possibility is that the copy

at a new location in the genome can have different regulation of its expression,

and thus will be expressed in, and adapt to, different circumstances. This was

examined by Lynch and Force (2000) in terms of expression in different animal

tissues. If this is the case, it may be possible to look for differences between

the original gene (called the exemplar) and the new copy.

There are three methods by which this could be approached. As the dupli-

cation will have taken place in a single individual, the most recent common

ancestor of all versions at the new locus must be after the time of the dupli-

cation. Copies of the exemplar, on the other hand, may coalesce prior to the

duplication event. Another source of information lies in the genomic context of

the two copies — The sequences surrounding the exemplar may resemble the

sequences surrounding exemplars in other species, but there may be less rea-

son to expect similarities in the sequences surrounding different new copies.

This was used by Sankoff (1999) to propose a method in which knowledge of

the ancestral gene order in outgroups is used to determine the likely exem-

plar from each pair. On the other hand, a large duplication would copy some

surrounding DNA, as well, making it more difficult to extract this kind of in-

formation. A third source of information could come in the form of functional

assays of the different gene family members. However, it is in many cases

difficult to model the evolution of gene function, or even to define functional

similarity.
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2.7 Genomic Rearrangement Models

The methods described above model the relation between members of a single

family of genes. In this section, I will briefly discuss research covering the evo-

lution of whole genomes. Clearly there is some relation between these kinds

of models. Increases in ploidy, for example, will increase the number of chro-

mosomes but also will create new copies of every gene. Rearrangements with-

out duplication, on the other hand, might have no obvious effect on any gene

families. However, by altering gene order, the probabilities of future events

affecting gene family members near one another could be changed.

A number of researchers have attempted to infer trees of genomes derived

under the assumption that all rearrangements are due to inversions, in which

part of the genome is reversed in its order. For the most part, these models

have attempted to minimize the number of inversion events. This is poten-

tially a useful method of analysis, assuming that these inversions are very

rare events. A polynomial time algorithm to determine the minimum num-

ber of inversions needed to explain differences between a pair of genomes was

found by Hannenhalli and Pevzner (1999).

In Larget, Simon, and Kadane (2002), the authors present a probability

model of inversions along with a method by which the probability of a tree with

gene inversions can be calculated. Their method uses data indicating gene or-

der and direction, but not DNA sequences. They model inversion events as oc-

curring at exponentially distributed intervals in each internode of the species

tree. The probability of each possible inversion (as defined by reversal opera-

tions on a signed ordering of genes) is assumed to be equal. They use Markov

chain Monte Carlo to sample among possible histories of inversions. Their

original prior distribution of trees (with all unrooted trees having equal prior

probability) prevented sampling from any trees with high likelihood; However,
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this was changed in Larget, et al. (2004) to make use of prior knowledge about

phylogenetic relationships at the phylum level.

Transpositions and translocations have been examined with genome re-

arrangement models, as well. Blanchette, Kunisawa, and Sankoff (1996) pre-

sented one algorithm to minimize the (weighted) number of inversions, trans-

positions, and translocations for a pair of genomes. This was improved and

extended to a tree of multiple genomes by Bourque and Pevzner (2002).

For these models, gene duplication has largely been regarded as a nuisance,

as it results in a pair of copies, either of which can be matched to the gene in

the other genome. Sankoff (1999) proposed that only the original locus (the

exemplar) from each duplication should be used in analysis, allowing these

other methods to be applied. However, this discards information available from

genes surrounding the new copy. Another approach has been taken by El-

Mabrouk (2002), who describes an algorithm which minimizes duplications

and reversals (inversions) on a phylogeny of multiple species. However, the

algorithm is limited to gene families with at most two members.

Genome rearrangement has also been modelled more abstractly through

the analysis of “breakpoints.” This is a term introduced by Dobzhansky and

Sturtevant (1938). Breakpoints are discontinuities in the linear order of a

genome introduced by a variety of events, such as inversions, translocations,

or deletions. In Blanchette, Bourque, and Sankoff (1997), the authors proposed

minimizing these breakpoints between species as a criterion for optimizing

the phylogeny of genomes. These breakpoints are not the same as counting

inversion, translocation, or deletion events, but they are significantly easier to

identify than those biological processes.

Another approach to genomic rearrangement has been attempted in the Or-

thoParaMap program by Cannon and Young (2003). This method incorporates
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both sequence data and genetic map information to both identify duplicated

genes and determine amount of DNA duplicated in each event. OrthoParaMap

does not use a model of genome rearrangement, but rather attempts to exam-

ine pairs of fully sequenced genomes, searching for long “diagonals” of similar

genes using a deterministic heuristic method. Once these regions have been

found, the program searches for gene family members (via sequence similarity

using BLAST; Altschul et al. 1997) which are found in the same relative loca-

tion in both of the matching DNA segments in a “diagonal.” These gene pairs

are then assumed to be orthologs. The last step looks for gene family members

which are near each other in each subtree of the gene phylogeny. These are

assumed to be paralogs produced through local duplications.

OrthoParaMap provides information unavailable to other current forms of

analysis, but it does have substantial limitations. The heuristic nature of the

search for diagonals does not provide a method for determining the accuracy

of the estimates. Gene loss events are not considered by the model, and so the

method can fail to infer speciation events even when one is logically required, if

one of the resulting species does not contain an extant gene family member in

that subtree (Cotton, 2005). The method also does not allow for small duplica-

tion events in which a gene is duplicated at a distant location from the original

locus. That said, the examples shown in their paper do demonstrate that there

is significant information available from looking for regions of duplications.

2.8 Empirical Studies of Duplication and Loss Rates

Nadeau and Sankoff (1997) used whole genome duplications to estimate rates

of gene duplication and loss. Mice and humans were assumed to have under-

gone two whole genome duplications, leading to four genes from each original

locus. They looked at three models with a single parameter representing that
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a new locus will be lost rather than diverge in function and be preserved by se-

lection. They examined the distribution of the number of remaining members

in different gene families, and attempted to infer rates of loss versus preserva-

tion as well as the time between the genome duplications. In their preferred

models, they found rates of preservation to be the same order of magnitude

as rates of gene loss. This is significantly greater than has been predicted by

population genetics models of the loss of duplicate genes.

In Lynch and Conery (2000), the authors examined all known gene fam-

ilies in various fully (or mostly) sequenced organisms, subject to certain re-

strictions. With these gene families, the authors explored the relative rates

of synonymous versus nonsynonymous substitutions, evaluated the possibil-

ity that gene duplicates tend to gain new functions, and estimated the rate of

gene duplication. The latter was accomplished by examining the distribution

of ages (i.e., number of substitutions) between pairs of duplicate genes. The

authors attempted to exclude any suspected noncoding genes, as well as any

genes from large multigene families (for this paper, any gene family with more

than 5 members in an organism was considered large). Under the assumption

that gene duplications occur at a constant rate overall, they estimated a gene

loss rate of approximately half the genes lost per 0.053 substitutions/site for

recently duplicated genes (i.e., genes with less than 0.25 expected substitu-

tions per site). Using only very recent duplications in complete genomes, the

authors also estimated the rate of gene duplication at 0.0023 duplicates per

gene per 106 years in D. melanogaster, 0.0083 in S. cerevisiae, and 0.0208 in C.

elegans.
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Chapter 3

THE MODEL

This chapter will describe a model of gene family evolution based on the

simple birth-death process. With this model, I will show how to calculate the

probability of a particular gene family tree in a given species tree for values

of the duplication and loss rates λ and µ. I will also discuss the assumptions

made in the model.

3.1 Likelihood under the Model

Let the probability of the DNA sequences for a particular gene phylogeny G be

P (Sequences|G). “Sequences” will be used to refer not only to the list of bases

at each site in the sequence, but also to the species in which each sequence

was found. Let the probability of the gene phylogeny given model parameters

λ (the rate of births, representing gene duplications) and µ (the rate of losses)

be P (G|λ, µ). Then the likelihood of λ and µ over all possible G is

P (Sequences|λ, µ) =
∑

G

P (G|λ, µ)P (Sequences|G) (3.1)

This formulation divides the problem into three solvable parts.

P (Sequences|G) is the likelihood of a particular gene phylogeny for the data

set. This problem has been solved by a number of researchers beginning with

Neyman (1971) with development for practical application to models of DNA

sequence evolution in Felsenstein (1981b).

P (G|λ, µ) can be calculated to close approximation using the methods de-

scribed below in section 3.4.
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The summation over all possible gene phylogenies is essentially impossible

for large gene families. However, this summation can be approximated us-

ing Markov chain Monte Carlo (MCMC) importance sampling. As the MCMC

sampling time increases, the distribution of the sampled trees will approach

proportionality to P (G|λ, µ)P (Sequences|G). This method will be described in

detail in section 4.2 (page 51).

3.2 Doomed Lineages

Calculation of the probability of the data on a gene family tree is complicated

by the possibility that some births may be obscured due to later deaths in

the resulting genes. For example, if a gene is duplicated and one of the two

resulting lineages is immediately lost, then there is little direct evidence in-

dicating that either the duplication or the deletion occurred. (In fact there is

the potential for some amount of evidence of this if the original gene is lost

and the duplicate preserved, since that would mean all copies would necessar-

ily coalesce by the time of the duplication event. However, my model does not

incorporate population size or multiple copies at a locus.)

Though direct evidence for such events is largely lacking, it is nonetheless

necessary to take these doomed genes into account. Otherwise, duplication

events further in the past would be less likely to be counted than more recent

duplications, as the resulting duplicates will have had more opportunity to be

lost. Implicitly we would be assuming that the rate of births and deaths has

been increasing toward the present. This can also be seen via graphs from

the “reconstructed” birth death process, as described by Nee, May and Har-

vey (1994). In that paper, the distribution of existing lineages versus lineages

which survive to the present is shown.

In this thesis, the calculation of P (G|λ, µ) is based on the bookkeeping of
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these doomed lineages with the gene phylogeny. By conditioning on the num-

ber of doomed lineages existing at each node N in the gene phylogeny, it is

possible to peel the probability of the tree in the sense of Cannings, Thompson

and Skolnik (1976) from the tips to the root. In other words, we can compute

an array of likelihoods of the tree descended from N conditional on the number

of doomed lineages present at that node. This array can be computed from the

array of likelihoods at the immediately descendant node(s) in G. In this way,

beginning with the tips, and proceeding to the base of the tree, the probability

of G conditional on λ, µ, and the number of doomed lineages at the base of the

tree can be determined.

A node N in a gene family tree G refers to any splitting in G corresponding

with a divergence in the species phylogeny, as well as any duplication events.

Loss events are handled implicitly, and do not result in nodes in G. The proba-

bility of the data on the tree will be calculated without the explicit calculation

of the probability of all possible sets of events among doomed lineages. Instead,

I will only consider the number of doomed lineages at each N in G, and use the

transition probabilities of the birth death process to account for all scenarios

for a particular number of doomed lineages at each N . This will be shown and

explained below in section 3.4.

3.3 Description of the Model

The duplication and loss of loci is modelled as a simple birth-death process of

gene family loci in each internode of a known phylogeny. That is, each existing

gene will duplicate probabilistically with waiting time drawn from an expo-

nential distribution with rate λ, and will be lost with a waiting time drawn

from an exponential distribution with rate µ. In other words, the chance of a

particular gene family member duplicating in time δt is λδt, and the chance of
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the locus being lost in that time is µδt. (This assumes δt is sufficiently small

that multiple events do not occur.) This results in a continuous time random

walk in the number of gene family members. The rate of increase and decrease

are proportional to the current number of genes. λ and µ represent the rate of

formation (λ) and loss (µ) of loci, and are assumed to be constant throughout

the tree. At each speciation event, all loci in the ancestral species are inher-

ited by both resulting species. The genes at each locus are assumed to have a

common ancestor at exactly the time of the speciation event.

As we are placing these events within a species tree, t in this model will

not imply time, but rather a branch length on the species phylogeny. Thus,

in a species with λ of 0.1, we expect an average of one duplication on a single

lineage in a species branch of length 10.

The species phylogeny need not be clocklike, but for the purpose of the

present likelihood computation is assumed to be known both in its pattern

of branching and its branch lengths, with a known base. This base represents

the time at which there are no doomed lineages that continue to the first node

in the gene phylogeny. The gene phylogeny is assumed to be clocklike within

internodes. That is, the rate of evolution of each member of the gene family in

a particular species tree internode is assumed to be the same.

Genes are assumed to be related by duplication or speciation events, but

not by gene conversion or lateral transfer between species. Duplication and

loss events are assumed to involve exactly one whole locus. Such events could

affect surrounding DNA, as well, so long as the DNA does not belong to another

member of the same gene family.

There are a number of assumptions inherent to this model. The duplication

and loss rates per locus are assumed to be the same throughout the history

of the gene family, regardless of the number of gene family members in that
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species or of their chromosomal locations. That a speciation event gives rise

to loci in both resulting species with a common ancestor at the time of specia-

tion ignores the time to coalescence in the ancestral species. The phylogeny of

the species is assumed to be known. These assumptions of the model will be

examined in greater detail below in section 3.6.

3.4 Calculation of Probabilities

With this model, probabilities within an internode follow as per known prop-

erties of the birth-death process. These were found by Kendall (1948). Here I

will be using the formulation employed by Bailey (1964). Let us first consider

calculations within a single internode of a phylogeny, with a single lineage at

its start.

From the probability generating function of the simple birth-death process,

using two quantities, α and β, which will be defined below, the probability of a

single gene dying out over time t (including the possibility that it has multiple

descendants, all of which die out) is

p1→0(t) = α (3.2)

and the probability of n genes (n > 0) resulting from 1 gene at the bottom of

the internode after time t is

p1→n(t) = (1− α)(1− β)βn−1 (3.3)

where

α = µ
e(λ−µ)t − 1

λe(λ−µ)t − µ
(3.4)

and

β = λ
e(λ−µ)t − 1

λe(λ−µ)t − µ
(3.5)
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When starting with a genes rather than a single gene, we have

pa→0(t) = αa (3.6)

and the probability of n genes resulting from a genes at the base of the internode

after time t is

pa→n(t) =

min(a,n)∑
j=0

(
a

j

)(
a + n− j − 1

a− 1

)
αa−jβn−j(1− α− β)j (3.7)

That concludes the results here from Kendall (1948) and Bailey (1964). Let

us now consider a gene phylogeny G for which the topology and branch lengths

are known for all lineages that survive until the present. If we were able

to determine a gene phylogeny from infinitely long DNA sequences, then the

probability of the data for any trees with incorrect topology or branch lengths

would approach 0. Thus the case of a known topology and branch lengths

corresponds with the hypothetical situation if we had an infinite amount of

DNA data at each sequence.

The calculations can be made most easily by beginning with the tips of

the gene phylogeny, then calculating the probabilities for internal nodes for

which the probabilities at the immediately descendant node(s) have already

been calculated. This is continued backward in time on G until the base of S.

It is possible to calculate the likelihood for the pattern of gene duplication

in the period between a duplication node N and the event at the immediately

preceding node N ′ as follows. Let there be s surviving loci and an unknown

number i doomed loci at N ′. Let there be d doomed loci at N . Let LN(d) be the

likelihood of the tree descendant from node N conditional on the existence of

exactly d doomed loci at N . (See figure 3.1 for a visual description of the terms.)

We first calculate the probability of the internode between N and N ′, the

immediately preceding duplication node. Within this internode, the final num-

ber of surviving genes is the same as the initial number. We then multiply
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Figure 3.1: Terms used in the calculation of LN ′(i): s is the number of surviving
loci in the internode from N ′ to N . i is the number of doomed loci at N ′, while d
is the number of doomed loci at N . j is the number of doomed loci at N which
descend from surviving loci, and k is the number of doomed loci at N which
descend from doomed loci at N ′.

by the point probability density of the duplication event at N . For the simple

birth-death process this is the duplication rate λ times the number of surviving

loci s.

For an internode not ending in a tip, the probability of i doomed lineages at

the start of the period conditional on d doomed lineages at the end is

LN ′(i) = λs

∞∑
j=0

(
s + j − 1

s− 1

)
(1− α)s(1− β)sβj

∞∑

k=0

pi→k(t)LN(j + k) (3.8)

The outer summation adds over the new doomed genes which arise from

the surviving genes. The terms are derived from the probability p1→n(t) (in

equation 3.3), adding over all possible ways in which exactly j new lineages
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can come from s original lineages which themselves all survive until node N .

Note that we cannot use equation 3.7 for this part of the calculation because

no surviving lineage may be lost.

The inner summation adds over the number of genes which arise from

doomed genes at N ′, which follows from the simple birth death-process (equa-

tion 3.7). The term j+k is d, the total number of doomed genes at the end of the

period. We do not know d, but as we are proceeding from the tips to the roots,

we have already calculated the probability of the tree above this internode con-

ditional on different values of d. Thus, we can sum over the possible values of

d at the upper node, weighting each according to LN ′(d), the probability of the

tree above N ′ conditional on having d doomed lineages at that node.

Because of the two summations to infinity, this equation cannot be precisely

calculated. However, as j or k grow larger than the number of surviving genes

found in any species, the probability contributed by the resulting trees becomes

vanishingly small. Therefore it is possible to cap the summations. The effect

of these caps is examined in subsection 5.3.1 (page 87).

If the upper node is a tip, then there will be no doomed lineages at that tip.

That is, LTip(0) = 1, and for all x > 0, LTip(x) = 0. This follows as any lineage

which exists at the time of sampling cannot have been lost by the time of sam-

pling. (However, in section 3.5, doomed lineages at a tip will be allowed as a

way of representing unsampled loci.) In addition, as there is no duplication

event at the tip, the probability of a duplication at the end of the internode

should not be incorportated into the calculation. So, if the internode begins

with a duplication and ends with a tip, the probability of the tree at or above

the node N conditional on the number of doomed genes i simplifies from equa-

tion 3.8 to

LN(i) = (1− α)s(1− β)sαi (3.9)
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This is the probability that all s surviving lineages do survive (and do not

give rise to any additional surviving lineages) times the probability that all i

doomed lineages are lost.

Let us now consider the case of a speciation node in a gene phylogeny and an

immediately preceding node. Here the calculations are very similar. However,

a speciation event may result in a surviving gene in one species but a doomed

gene in another. This allows for an additional possibility — a doomed gene

which must exist at an interior node. For example, in the gene family tree in

figure 1.2, page 7, there are genes sampled in the second and third species, but

not in the first. This implies that there must have been a loss event at some

point along the species tree internode leading to the first species.

Let i∗ = the number of known doomed lineages in this descendant at the

speciation event. Then

LN ′(i) =
∞∑

j=0

(
s + j − 1

s− 1

)
(1− α)s(1− β)sβj

∞∑

k=0

pi+i∗→k(t)LN(j + k) (3.10)

The LN ′(i) terms from the two descendants at a speciation event can be

combined simply by multiplying the pairs for corresponding values of i.

These computations can be continued until the base of the tree. In my

computer programs, the base is assumed to have no doomed genes. Thus the

term LBase(0) at the base is the probability of the tree as a whole. This is

substantially different from the method of Arvestad et al. (2004), for which the

gene family tree is assumed to be rooted at the root of the species tree.

Note that if a gene phylogeny specified its duplication events only to a par-

ticular internode of the species phylogeny rather than with branch lengths,

then this calculation could be made in fewer steps. Rather than calculate each

period between tips, duplication, and speciation nodes, it would only be nec-

essary to find the probabilities between tips and speciation events. Without

the specification of branch lengths, however, such a treatment would lose any
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information on the duplication and loss rates which comes from the placement

of the duplication nodes within internodes in the species tree.

3.5 Missing Members of the Gene Family

It is possible that a researcher might not have data from all existing members

of a gene family. If we assume that, independently for each gene in the gene

family, there is a probability b that the gene will be observed, then this can

be included in the analysis. To do so, we need to change the calculation of

conditional probabilities at the tips of the gene phylogeny. Specifically, as for

the calculation of interior nodes:

LN ′(i) =
∞∑

j=0

(
s + j − 1

s− 1

)
(1− α)s(1− β)sβj

∞∑

k=0

pi→k(t)LTip(j + k) (3.11)

Here, however, j + k represents the number of unobserved genes, rather

than doomed genes. LTip(j + k) then represents the probability of failing to

observe j + k genes. This can be calculated directly from b along with the

observed number of genes g. That is,

LTip(u unobserved genes) =

(
g + u

g

)
bg(1− b)u (3.12)

3.6 Assumptions of the Model

This model makes a number of assumptions about the process by which gene

families evolve. This has been done both for computational tractability as well

as conceptual simplicity. Since this is a probability model, the model can be

extended so long as the probability of the events is properly accounted for.

A simple model such as this may also act as a useful null model for other

hypotheses. In the case of nested models, this would allow likelihood ratio
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tests to be used to test for rejection of the null hypothesis. In addition, it may

turn out that this method is robust to certain violations of its assumptions.

Robustness to some of these assumptions has been tested through simulations

in section 5.3.

3.6.1 The simple birth-death process

The use of a simple birth-death process carries with it a number of implica-

tions. First, it is possible that the size of the population can become 0. Thus,

according to the model, the gene family may die out in any or even all species

in the tree. This raises the question of species and gene family ascertainment,

which will be addressed below in subsection 3.7.4.

The assumption of a constant duplication and loss rate throughout the tree

is suspect in some cases. In particular, though in this model all members of a

gene family in a species can be lost by deletion, it is not plausible that a gene

family necessary for survival would be eliminated by deletion. In such cases

it would probably be more accurate to have a model in which the probability

of deletion for the last member of the gene family in a species is 0. There is

also evidence that some gene families such as those of MHC have undergone

selection for a specific number of loci (see for example Takahata, Satta, and

Klein 1992). Thus there are at least some gene families in which a simple

birth-death model is not entirely appropriate.

There is evidence that rates of duplication vary depending on the chromoso-

mal location of a gene. Specifically, genes near telomeres and centromeres tend

to duplicate more quickly, as described for example in Horvath et al. (2001).

This is not reflected in a simple birth-death process.

It is also possible that a single event could duplicate or delete more than

one member of a gene family. These events clearly are not part of a simple
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birth-death process. This potentially introduces another way in which location

of a gene could be important — Genes which are located close to one another

will tend to be more likely to be lost or duplicated together. As a result, tandem

duplications would be particularly likely to contradict the birth-death model in

this case. In my model, such an event would need to be explained with multiple

single events, exaggerating the frequency of such events, and neglecting larger

scale occurrences. The duplication of an entire genome has been proposed as an

explanation of some patterns of duplication, for example by Ohno (1970). This

would likewise mislead inference using this model, though in this case proxim-

ity between the gene family members would not be important. This would also

prevent the use of multiple gene families for estimation (as described below in

subsection 3.7.3), as events in the different gene families would no longer be

independent.

3.6.2 Same history for the entire gene

This model allows for duplication or loss of a gene, but does not permit dupli-

cation of part of a gene or gene conversion. Partial gene conversion could be

expected to increase the similarity between two different genes in the same

species, possibly resulting in the incorrect inference of a duplication event.

Whole gene conversion could result in the replacement of one member of a

gene family with another. This would be identical to a simultaneous birth and

death in the gene family in a particular species. This would be a single event

affecting two genes, and thus is not covered by the model.

3.6.3 Known phylogeny

The tree of the species which contains the gene phylogeny is assumed to be

known throughout the analysis. The species tree must have a specified topol-
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ogy and branch lengths. This assumes there is sufficient information from

other genes (or other sources of phylogenetic information) to perfectly deter-

mine the phylogeny of those species.

The effect of this assumption is unclear. Potentially one could resample the

data used to estimate the phylogeny, and thereby represent the uncertainty

of the phylogenetic estimate. However, the computational burden would be

very high. A better approach would allow for different species phylogeny and

gene phylogeny proposals using MCMC. (MCMC is described in more detail in

section 4.2.) This would sample a variety of species trees as well as gene family

trees. Such a method is beyond the scope of this thesis, but will be discussed

in general terms in section 8.3, starting on page 110.

It is also assumed that we know the length of the base internode of the

species tree. That is, we must specify a point at which we assume there is just

a single member of the gene family — and no doomed genes with descendants

which survive until the next node in the gene phylogeny. This cannot be done

with certainty even with infinitely long sequences, and so represents a poten-

tial source of inaccuracy in the estimates. If we believe the birth-death process

has been occurring far into the past, however, we can just choose a very large

value for the length of the base internode. This will be discussed in more detail

in subsection 3.7.2.

3.6.4 Molecular clock (or lack thereof)

This method does not assume that the species phylogeny or gene phylogeny

follow a molecular clock. However, it does make the somewhat weaker as-

sumption that all members of the gene family within a particular species in-

ternode evolve at the same rate. This assumption could run contrary to some

recent models of gene family evolution, such as that of Walsh (1995), in which
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the authors argue that preserved duplicated genes will be expected to have a

new selected function, and might therefore undergo a period of faster evolution

soon after their duplication.

3.6.5 Lateral transfer

Lateral transfer could result in closely related genes in distantly related species.

This might cause the incorrect inference of a high rate of gene loss as an ex-

planation of the gene missing in any intermediate relatives.

3.6.6 Population size

The model in effect makes the assumption that the size of all species’ popu-

lations is a single haploid genome. Birth and death events are considered to

be instantaneous throughout a population. In a model which considers popu-

lation size, the events would occur within a single genome in the population.

This allows the possibility of multiple differing copies. Interestingly, in such

a model the exemplar and new copy arising from a duplication would not be

identical. Going forward in time, all copies derived from the new duplicate

would necessarily coalesce (in the sense of Kingman 1982) at or after the time

of duplication, while copies at the exemplar’s locus might coalesce before the

duplication event.

Another effect of this assumption is that coalescence between related gene

family members after a speciation event is instantaneous. In a model with

population sizes, the genes from the descendant populations would coalesce

prior to speciation, with the time from coalescence to speciation distributed

depending on the size of the population. It is even possible that the time of

coalescence of one locus could be longer than the time of the duplication of

another locus, resulting in paralogs more similar (and more closely related to
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the species tree) than orthologs from the same speciation event.

Population size might also have an impact on the rate of gene duplication

and loss. In populations of varying size, this could result in birth and death

rates which vary over time. Section 2.4 discusses a possible cause of this.

3.6.7 Model of DNA evolution

Lastly, this model inherits the assumptions of the phylogenetic likelihood infer-

ence it extends, as described in Felsenstein (1981b). Specifically, it models the

DNA mutation process as Markovian, does not allow inversions or rearrange-

ments, and assumes correct alignment of the DNA sequences.

3.7 Consideration of Specific Details

3.7.1 Relating the model to biological processes

The meaning of this model’s birth (λ) and death (µ) rates can be defined in a

number of ways, but it is important that the definition be used consistently.

A birth represents an event which causes two gene family members to arise

from one ancestral gene. As this could represent the duplication of a gene,

these events are referred to as duplications throughout this thesis. A death

represents an event which causes a gene to no longer be included in the gene

phylogeny. This can represent the deletion of a gene, and is referred to in this

thesis as a loss.

It is possible instead to apply a functional definition, such as the point at

which the gene would be detected using a particular assay. In this case, a

loss could represent a mutation which makes the gene no longer detectable

with that assay. Caution is necessary, however, with the use of a functional

definition. In particular, back mutation can result in the detection of a gene

which was, by this definition, previously lost. But a simple birth-death model
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does not allow the possibility that a gene may be undeleted. Thus, the use of

this model with an assay-based definition carries with it the assumption that

no lost gene will later become detectable.

For example, if members of a gene family are identified using PCR, a base

change within the primer region could result in a gene family member no

longer being identified. If this single base mutation process can be modelled

as occurring at a constant rate, then it not unreasonable to estimate a single

rate throughout the gene family. As previously stated, however, this ignores

the possibility of mutating back such that the gene can again be detected by

PCR.

To take a second example — if genes are found using Southern hybridiza-

tion, the situation is somewhat more complicated. In this case, multiple muta-

tions will generally be necessary in order for a member of a gene family to no

longer be identifiable. This suggests that the rate of loss would depend on the

distance on the tree from the sequence used for hybridization. Thus the rate

of loss through mutation to this assay would not be constant, and my simple

birth-death model would be inappropriate.

3.7.2 Likelihood calculation at the root

In general, we will not know the point on the tree at which there is a single

ancestral lineage. Thus the assumption that we will know the base of the

species tree is a poor one. It would be preferable to make the much weaker

assumption that all members of the gene family have a common ancestor at or

before the earliest branching in the species tree.

A hidden difficulty lies here in the likelihood calculation at the base of the

species tree. Specifically, the number of doomed lineages at this point is un-

known. It is not correct to assume that there are no doomed loci at the base.
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Any duplication event prior to this earliest node could give rise to a doomed lo-

cus, if one of the two resulting loci is lost after the base, but before the present.

Though unobservable lineages at the base of the tree may seem irrelevant, this

is not the case. Each doomed lineage must be lost prior to appearing at the tips

of the tree. The probability of this occurring is determined by the parameters

of the birth-death process, the topology and branch lengths of the species tree,

and the time of the earliest duplication event before the root of the species

tree. For example, if there are many doomed loci at the root, then intuitively it

seems that higher loss rates will result in a higher likelihood, as all the doomed

loci must be lost before the tips of the tree.

If we remove the explicit placement of the base of the species tree, we will

instead be concerned with the number of doomed loci immediately prior to the

root of the gene family tree. (This will also be immediately before the root of

the species tree only if the earliest node in the gene family tree coincides with

a speciation event.) At this node R there will be a single surviving lineage and

an unknown number of doomed lineages. Using the methods described in 3.4,

we will have an array of likelihoods LR(i) describing the probability of the tree

starting at the root conditional on a number i doomed lineages at that node.

It is possible to attempt to address this using the Blurp and Quilg programs.

By using a very long base internode on the species tree, we can attempt to

approximate that there is an indefinite amount of time for new lineages to

arise prior to the root of the species tree.

To exactly calculate the probability of each number i of doomed loci, we

cannot just find the probability of i + 1 lineages after an infinite period of time.

For λ > µ, the expectation for the number of lineages is infinite, and for µ > λ,

the expectation is 0. More importantly, the probability of any non 0 finite result

is infinitesimal in both cases. (For λ = µ, the expected number of lineages is 1,
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but the probability of 0 lineages counterintuitively approaches 1.)

However, if we condition on the survival of at least one lineage, then this

becomes more tractable. This seems a sensible kind of conditioning, since we

would not be examining the gene family if it had not survived. However, in the

case of λ ≤ µ, it seems suspicious that we happen to be studying an infinitesi-

mally probable event. If we are willing to ignore this, however, then for λ < µ,

the number of surviving lineages as t → ∞ follows a geometric distribution

with parameter λ/µ. This could be used to sum over the LN(i) results at the

root of G, weighting in an appropriate manner. In the case of λ ≥ µ, every

non-zero number of lineages approaches equal (infinitesimal) probability.

Really these results point to an oddity of the model as I have proposed it.

It is not plausible that a simple birth-death process will describe a gene family

over an infinite period of time. If such a model were correct, we would expect

all the genes to die out, or for there to become an infinite number. Most likely

there is some selection against too many or too few members of a gene family;

I will discuss how such models could be handled in subsection 8.1.2 (page 104).

With a simple birth-death model, another promising approach is to calcu-

late the probability of each number of doomed loci at the root of the gene family

tree using the birth-death process considered backward in time. In Thomp-

son (1975), followed by analysis by Rannala and Yang (1996) and Felsenstein

(2004), the mathematics of this was worked out. The probability density of the

birth-death process with n tips at the end and births at times ti is

P (n, t1, t2, . . . , tn−1|λ, µ, T ) = p1→1(T )λn−1(n− 1)!
n−1∏
i=1

p1→1(ti) (3.13)

Ideally we would want integrate this over possible times t1, t2, . . . , t + n− 1

and determine the probability for each n. However, this does not avoid the

fundamental problem, since in each case we are multiplying by p1→1(T ), which

approaches either 0 or infinity as T →∞.
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It is also interesting to consider the backward birth-death process condi-

tional on the number of loci at the present, as shown by Felsenstein (2004).

Because this conditions on a particular number of loci, the problems mentioned

above do not arise. However, also because of this conditioning, it is not a useful

result for computing the probability of possessing a certain number of loci at

the end. Using symmetry arguments, counting the possible orders of duplica-

tion times, the probability density of duplication times ti conditional on n final

species after time T is (from Felsenstein 2004)

P (t1, t2, . . . , tn|n, λ, µ, T ) =

n−1∏
i=1

p1→1(ti)dti

∫ T

0
p1→1(u)du

(3.14)

Then choosing a time scale τ such that

dτ

dt
= p1→1(t) (3.15)

and integrating using equation 3.3 with n = 1, we get

τ =
e(λ−µ)t − 1

λe(λ−µ)t − µ
(3.16)

Though it does not provide the probabilities needed at the root of the gene

family tree, as pointed out in Felsenstein (2004), this should lead to tests of fit

to a birth-death model. This will be discussed more in section 8.4.1 (page 112).

3.7.3 Using multiple gene families

If we have data from multiple gene families and have reason to assume their

duplication and loss rates are the same, then the data from those gene families

can easily be combined. The likelihood of the duplication and loss rates is sim-

ply the product of their respective likelihoods for each gene family. However,

as more loci are included in the analysis, it becomes more plausible that there
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may have been an event which duplicated or deleted two or more loci at once.

As this is not incorporated in the model, it is a possible source of error.

Also, it does not generally seem reasonable to assume genes in every family

have the same duplication and loss rates. However, following the logic used

when integrating over possible evolutionary rates (see for example Felsen-

stein 2004 for a summary of rate variation methods among sites or Beerli and

Felsenstein 1999 for rate variation among loci), then data from multiple gene

families can still be combined. We assume a prior distribution such as a gamma

from which the duplication and loss rates are drawn. If the gamma distribu-

tion is parameterized to have a mean of 1, then its density function can be

described in terms of a “shape” parameter α as

f(r|α) =
αα

Γ(α)
rα−1e−αr (3.17)

If there are h gene families, the shape parameter for the distribution of λ is αλ

and for the distribution of µ is αµ, the likelihood of the parameters combined

over all the gene families is

L =
h∏

i=1

[∫ ∞

0

∫ ∞

0

f(λi, µi|αλ, αµ)Li(λi, µi)dλidµi

]
(3.18)

where Li(λi, µi) is the probability of the data for gene family i when λ for that

gene family is λi and µ is µi.

This would require the calculation of the likelihood for every pair of para-

meter values at each locus, which is not feasible. But in a manner analogous

to the method of Yang (1994) for DNA sequence data, discrete approximations

of the gamma distribution could be used to approximate the calculation of the

integrals.

There is no reason to believe that duplication or loss rates vary among gene

families according to a gamma distribution. Rather, the gamma family of dis-
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tributions is a convenient arbitrary choice which varies between 0 and infinity

and allows a wide variety of shapes according to the choice of α. It would be

possible to use other families of distributions with similar properties, such as

the lognormal distribution.

3.7.4 Ascertainment issues

In estimation of λ and µ, this model assumes the gene phylogeny is a random

instance of a birth-death process in the phylogeny. If the researcher limits

the gene families or species considered in a nonrandom way, inference of the

parameters can be affected.

One particular form of conditioning is inevitable. No researcher is going to

analyze a gene family in which all genes have been lost. The effect of this can

be corrected with relative ease. The likelihood of λ and µ for a tree with a single

doomed gene at the base and no surviving genes at the tips can be calculated

for the phylogeny as described in section 3.4. The corrected probability of the

data for the studied gene phylogeny is then

P ∗(Sequences|G) =
P (Sequences|G)

1− P (No surviving genes|λ, µ)
(3.19)

Note that the correction term 1 − P (no surviving genes|λ, µ) depends only on

the particular species phylogeny and the parameters, and does not need to be

recalculated for each G.

As this situation is unavoidable, the correction has been implemented in

all the analysis in this thesis. That is, it has been incorporated in Blurp, for

calculation of probabilities of gene family trees in which the tree is known

precisely, and in Quilg, for the similar calculation of probabilities when the

gene family tree is unknown.

Other effects of ascertainment are may be easier to avoid, but are more dif-

ficult to deal with. Some are more a matter of psychology than necessity, and
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are much harder to model. For example, a researcher might choose to exclude

from analysis any species without gene family members from the phylogeny,

perhaps in a mistaken attempt to speed the computations. This would be ig-

noring a very good source of information about loss rates in particular, and

would likely lead to an incorrectly low estimate of loss rates. The best solution

to this would be reanalyze the data without removing those species.

A subtler problem might be that a researcher would not bother using gene

family models if there is no more than a single gene family member in each

species. It is possible to consider a model for this to correct for ascertainment.

If there are n species under consideration, then there are 2n possible kinds of

trees (as defined by the number of gene family members at their tips) which

contain either 0 or 1 gene family members in every species. By summing over

all these trees, we could then correct as in equation 3.19. A problem with this

situation is that it would be difficult in many cases for the researcher to judge

if such a tree would have been excluded from analysis as a gene family.

Other specific kinds of species tree ascertainment could be similarly cor-

rected, by summing over all trees which would be excluded from analysis.

However, this could result in a great many trees which would be excluded, and

the calculation of the ascertainment correction could therefore become very

computationally difficult.
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Chapter 4

COMPUTATIONAL METHODS

In this chapter, I will describe the manner in which the model in chapter 3

was implemented. Section 4.1 covers the implementation of Blurp, a program

which calculates the probability of a particular gene family tree with known

topology and branch lengths. Section 4.2 describes the methods used in the

program Quilg, which estimates the likelihood surface for µ and λ when the

topology and branch lengths of the gene family tree are unknown. Using data

from DNA sequences, Markov chain Monte Carlo (MCMC) is used to sample

possible gene family trees proportional to their likelihood. The methods for

MCMC among gene family trees are nontrivial. Though computational meth-

ods may not initially seem as interesting as the mathematics used to describe

the model, they are nonetheless essential for implementing and understanding

the analysis.

These two approaches – of a known gene family tree and of sampling among

gene family trees according to MCMC – are complimentary. Analysis of un-

known gene family trees is useful, as this is the situation which will be faced

by researchers examining real gene families. The use of known trees, on the

other hand, allows a great many scenarios to be analyzed very quickly. (See

chapter 5 for many examples of this.) It also provides a potential point of com-

parison with the use of unknown gene family trees and DNA data. Results

from known gene family trees provide an ideal situation, showing the best pos-

sible results which can be expected. By comparing results from a known gene

family tree with sampling among unknown gene family trees, we can also see
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the importance of our lack of precise knowledge about the gene family.

Results using the methods described in this chapter will be described and

discussed in chapters 5 and 6.

4.1 Known Gene Phylogeny Case

Though it is possible to use MCMC to allow for uncertainty about the gene

phylogeny, analysis with a known gene phylogeny is much faster. This allows

a great many hypotheses to be examined quickly. For example, this makes

it possible to consider the effect of many different factors, such as variabil-

ity of estimation between different gene family trees, or of departure from the

assumptions of the model. In addition, this analysis describes the most infor-

mation which can possibly be obtained from the gene family tree, providing a

comparison with the result with finite DNA sequences, which will always allow

some uncertainty in the gene family tree. It might at first seem that precise

knowledge of the gene phylogeny would give precise knowledge of the parame-

ters of the process which produced the tree. This, however, is not correct, as

each such tree contains only a finite number of duplication and loss events, and

therefore can only give an estimate of the parameters which produced it. How-

ever, an infinitely large, perfectly known tree — or an infinitely large number

of gene families, all with the same duplication and loss parameters, would be

sufficient to determine the parameters exactly.

To conduct these tests, I wrote a computer program called Blurp, which

simulates and analyzes perfectly known gene family trees, implementing the

formulas for P (G|λ, µ) detailed in the model description in this dissertation

(section 3.4, page 31). It also includes the ascertainment correction for the

lack of observed gene phylogenies in which all genes are lost before the time of

sampling (described in subsection 3.7.4).
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More exactly, Blurp is given a user specified species tree along with the

parameters λ and µ, a random number seed, and a specified number of gene

phylogenies which are to be simulated. Using a simple birth-death process

with the supplied parameters, and under the assumption that gene phylogeny

branches will be the same length as those in the species tree, gene phylogenies

are simulated within the species phylogeny. Gene phylogenies without any

surviving members are discarded, and a new G is simulated in its place until

the requested number of trees has been produced.

The program then calculates the sum of the log likelihoods of the resulting

gene phylogenies for various combinations of λ and µ arranged in a grid. These

are represented in a graph with contours plotted at the asymptotic 95% and

50% confidence intervals (using a χ2 distribution with 2 degrees of freedom)

from the determined maximum likelihood value. As the maximum likelihood

estimate of the parameters is taken from the grid of tested parameter values,

this will tend to be somewhat lower that the real maximum likelihood value.

As will be described in chapter 5, a number of variations were made in

the simulation of gene phylogenies in order to assess the kind of information

gained from different gene phylogenies, robustness to a variety of assumptions,

and the effects of specific kinds of ascertainment.

4.2 DNA Sequence (Unknown Tree) Case

The Blurp program allows assessment of the ability to determine the likeli-

hood surface of λ and µ when the gene phylogeny is known exactly. With real

sequence data, however, there will inevitably be some uncertainty about the

branch lengths and topology of the gene phylogeny. In addition, it is likely

that the branch lengths of an inferred gene phylogeny — even one without

duplication events — will not be an exact match to those of the phylogeny.
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I will begin by restating formula 3.1 from page 27. Let G represent the set

of all gene phylogenies which are consistent with the phylogeny. Then

P (Sequences|λ, µ) =
∑

G

P (G|λ, µ)P (Sequences|G)

For a particular set of DNA sequences, there will be a great many different

gene family trees G which can explain the data (though some will explain the

data better than others). As a result, to examine the effect of finite sequence

length on the inference of parameters of gene family evolution, it is neces-

sary to sum over all G. The set of possible gene phylogeny topologies can be

very large for phylogenies with many species and/or many genes. Even where

it is possible to enumerate over gene phylogeny topologies, differing possible

branch lengths make the calculation of P (Sequences|G) for all Gs very difficult

on such a tree.

The large set of tree topologies along with the many possible estimates of

branch lengths likewise makes simple Monte Carlo sampling from P (G|λ, µ)

infeasible. This is because the vast majority of trees have extremely low like-

lihoods, even if they are consistent with the set of DNA sequences. For ex-

ample, in the case of the hemoglobin genes, a tree in which human α- and β-

hemoglobin genes have a common ancestor 1,000 years ago would have an ex-

tremely low likelihood, as the sequences of the two genes are only distantly

related.

Therefore it is necessary to use an importance sampling method to approxi-

mate this sum, choosing most often those gene phylogenies that provide a high

likelihood. I have done this using Markov chain Monte Carlo (MCMC) with

the Metropolis Hastings sampling algorithm, roughly according to the method

described in Kuhner, Yamato and Felsenstein (1995) for estimation of effective

population size. Here, however, we are using the method to sum over gene

phylogenies, rather than over coalescent trees.
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MCMC begins with an initial gene family G and proceeds by updating G

with possible changes. These updates are accepted or rejected according to the

method of Metropolis et al. (1953) and Hastings (1970). The sampling has been

chosen to be proportional to the posterior probability of G

P (G|Sequences, λ0, µ0) = P (Sequences|G)P (G|λ0, µ0)/P (Sequences|λ0, µ0)

(4.1)

where λ0 and µ0 are a specific pair of values of the parameters. It is not known

how to calculate P (Sequences|λ0, µ0). However, this quantity is a constant for

a particular λ0 and µ0. In the Metropolis Hastings method, only the ratio of

these posterior probabilities will be used, and therefore its calculation is not

needed.

This results in a Markov chain with gene phylogenies as states. The sta-

tionary probabilities of this Markov chain are

P (Sequences|G)P (G|λ, µ)/P (Sequences|λ, µ) (4.2)

Following Hastings (1970), this can be achieved by accepting a proposed new

G′ with probability min(1, r), where r is given by

r =
P (Sequences|G′)P (G′|λ, µ)

P (Sequences|G)P (G|λ, µ)

Q(G′, G)

Q(G,G′)
(4.3)

Q(G,G′) is the probability of proposing G′ when the current tree is G, and

Q(G′, G) is the converse — the probability of proposing G if the current tree

were G′. The ratio of these two terms is known as the “Hastings ratio.” When

the proposed tree is rejected, we retain the original G rather than replace it

with G′.

P (Sequences|G) is calculated as for the determination of likelihood for a

particular phylogeny as described in Felsenstein (1981b). In my program I

have used a Kimura two parameter model (Kimura 1980) of DNA evolution.
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However, any other model of DNA evolution with calculable transition proba-

bilities could have been used, instead.

Note that this method will accept any tree for which r in equation 4.3 is

greater than 1. Even if the product is less than one, there is always some

chance of accepting the new hypothesis so long as it is not completely inconsis-

tent with the data. In this way, the space is explored with a tendency toward

regions with higher P (Sequences|G)P (G|λ, µ), but even areas with lower like-

lihoods will be examined, though less often.

The method of choice of starting G and proposals G′ will be described later

in sections 4.5 and 4.6.

Note that this result is for a particular pair of values λ0 and µ0 of the pa-

rameters of the birth-death process. To find the relative likelihood for other

parameter values, we have

L(λ, µ)

L(λ0, µ0)
=

1

n

∑
G

P (G|λ, µ)

P (G|λ0, µ0)
(4.4)

By sampling from the posterior probability P (G|D, λ0, µ0), we tend to take

G which have a greater contribution to the likelihood at that value of λ and µ.

This will be most efficient when λ0 and µ0 are closer to the true λ and µ. To

achieve this, my implementation uses multiple chains of G. After each chain,

λ and µ are estimated from the most recent chain. The newly estimated λ and

µ are then used as λ0 and µ0 for the following chain.

This only uses information from the most recent chain to estimate λ and

µ. Ideally we could combine the information from trees in all the chains which

have been run, and use that to estimate the parameters. Geyer (1991) showed

a way in which this can be performed. However, due to its computational diffi-

culty, I have not implemented this method.
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4.3 Program Design

To implement this method for unknown gene family trees, I have written a

program called Quilg. Quilg performs the following tasks:

• Simulation of gene family trees. As with the simpler Blurp program, the

user specifies the species phylogeny (including base and branch lengths)

as well as λ and µ. This as well as the next item (DNA simulation) are

used for the simulation studies described later in chapter 6, and can be

replaced by user supplied DNA sequences.

• Simulation of DNA data on a gene family tree. This is done for a user des-

ignated number of bases for the gene family members. The sequences are

simulated according to the Kimura two parameter model (Kimura 1980)

of DNA evolution (which specifies an overall rate of change and the ratio

of DNA transitions and transversions) with user supplied parameters.

• Determination of an initial hypothesized gene family tree (described in

section 4.5)

• Alteration of the current hypothesized tree into a new hypothesized tree

(Section 4.6)

• Determination of the probability of a hypothesized tree under given val-

ues of λ and µ (described in section 3.4) and the likelihood of the gene

family tree for the DNA sequences as described in Felsenstein (1981b).

• Determination of acceptance or rejection of new hypothesized trees (sec-

tion 4.7)

• Storage of a subset of the hypothesized trees.
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• Maximization of λ and µ for a particular set of the stored accepted hy-

pothesized trees.

• Output of maximum likelihood values of λ and µ for the last set of stored

accepted hypothesized trees along with a likelihood surface for the two

parameters.

4.4 Maximum Likelihood Estimates and Chain Control

Though the sampling of gene phylogenies has been made from the posterior

probability P (G|Sequences, λ0, µ0), we are interested in the probability of the

data on sampled trees at other values of the parameters. This is shown above

in equation 4.4. In addition, for computational reasons, it is not feasible to

keep records of every tree from the MCMC. As a compromise, Quilg stores the

tree after every tenth proposal.

This set of stored trees is used within Quilg to compute the maximum like-

lihood estimate of the parameters. This has been implemented with a simple

hill-climbing method in which λ′ and µ′ are changed in alternating steps. λ0

and µ0 are used as the initial values. New parameter values are accepted when

they result in a higher likelihood. When a parameter change results in a lower

likelihood, the change is rejected, and another change to the same parameter

is proposed by alternating between a reduction in the step size and a change in

sign. In this way, new values for λ′ are proposed until a maximum likelihood

for that value of λ′ (with a fixed value for µ′) is found. Then, in a similar way, µ′

is optimized to maximize the likelihood for that λ′. These steps are alternated

until the likelihood cannot be improved by changes in either λ′ or µ′. When the

step size for both parameters becomes smaller than a predetermined constant,

the resulting estimates are reported. This is not an especially efficient maxi-

mization method, and is not guaranteed to find a local maximum in the case
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of a narrow diagonal ridge of the likelihood surface for λ and µ. However, with

these likelihood surfaces, this simpler method was able to find the maximum

when more sophisticated maximization methods which depend on derivatives

of the likelihood surface (such as the Newton-Raphson method) appeared to

have difficulties.

The sampling of trees will be most efficient when λ0 and µ0 are close to the

true λ and µ. To achieve this, Quilg runs multiple chains of gene family trees.

After each chain, the maximum likelihood estimates of λ and µ are calculated.

These estimates are then used as the new λ0 and µ0 in the following chain.

One special case occurs when the maximum likelihood values of λ or µ are

found to be too close to 0. In this case, I artificially force the values to be high

enough that we would expect one duplication and one loss event on a tree with

total branch lengths equal to that of the most recently accepted tree. This is

necessary because runs with λ0 = 0 or µ0 = 0 will not accept any events of the

corresponding type. This is a case of “fatal attraction” of the type pointed out

by Kuhner, Yamato, and Felsenstein (2000).

In practice, I have used chains totalling 30,000 proposed gene phylogenies,

using 10 chains each with 1000 proposed gene phylogenies followed by 2 chains

of 10,000 proposed gene phylogenies. All estimates of the likelihood surface for

output are made using only the final 10,000 tree chain. For all runs, only one

tree in 10 is stored for later evaluation of parameter likelihoods. For the final

run of 10,000 proposed trees, we are interested not only in the maximum like-

lihood estimates of the parameters, but also on the surface itself. In this case,

Quilg finds the likelihood across a fine (logarithmic) grid of values for λ and

µ, and reports the likelihood of each. As before, but beginning maximization

with the maximum likelihood values of the parameters found among parame-

ter pairs on the grid, the maximum likelihood parameter estimate is made.
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Unlike for previous runs, the estimates are not adjusted upward even if they

represent fewer than one duplication or loss per tree.

4.5 Choice of Starting Tree and Parameters

To begin the MCMC over gene phylogenies, it is necessary to use a starting

tree and initial parameter values λ0 and µ0. So long as the sampling is run

for sufficiently long, it will not matter which are chosen, so long as they have

a finite likelihood. However, a starting tree and parameters which correspond

well with the data will tend to take fewer steps to find other trees which con-

tribute more to the likelihood.

To select a tree with which to begin the sampling, I have chosen a fairly

arbitrary method which results in trees that correspond reasonably well with

the DNA sequences of the genes. Specifically, the genes in the gene family

are each treated as separate species, and their tree found using the UPGMA

method (Sokal and Rohlf 1962) using the Kimura two parameter model of DNA

evolution. UPGMA uses pairwise differences to progressively join together

similar sequences into a clocklike tree. The pairwise differences are used to

calculate the branch lengths in the tree. This UPGMA tree will be referred to

as g.

This g is then reconciled with the phylogeny of the species. This reconcilia-

tion is in the sense described by Goodman et al. (1979). That is, it is possible

that the topology of the gene phylogeny will not correspond with the topology

of the species phylogeny. However, the trees can be reconciled by hypotheti-

cal duplications. In this case we must reconcile the topologies while retaining

branch lengths which correspond reasonably well to the differences between

the DNA sequences.

My procedure for doing so works as follows.
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Figure 4.1: Calculation of average branch length to tips ts(M) on a species
tree. Branch lengths are shown in small numbers to the left of each internode.
Distances to tips ts(M) are shown in larger italic type just below and to the left
of the corresponding nodes.

• Find the average branch length to tips — called ts(M) — for each node

M in the species phylogeny. This is found recursively from the tips to the

base, finding ts(M) for each node as the average of (ts + branch length

of internode) for the two nodes tipward from it. If the species tree is not

clocklike, it is not impossible that M might have a lower ts than a tipward

node. For an example of the calculation of ts(M), see figure 4.1.

• Form a UPGMA phylogeny g of the genes, without regard to the species

tree.

• Find the average branch length to tips — called tg(N) — for each node

N in the UPGMA gene phylogeny. This is done as for the calculations of

ts(M), above.
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• Find the set of species R which contain one or more of the descendants of

N . See figure 4.2.

• For each node N in g, find the most recent node M in the species phy-

logeny which is ancestral to all of R. This may also contain species not in

R.

• If tg(N) < ts(M), assign node N in the UPGMA gene phylogeny to the

speciation event at node M in the species phylogeny. N may correspond

with a duplication or a speciation event; See below for the determination

of this.

• Otherwise, find the branch in the species phylogeny which corresponds

with N . Beginning at node M , proceed down the species tree for branch

length tg(N) − ts(M). Set N as a duplication event at the corresponding

location in S. If this procedure leads below the base of S, put the duplica-

tion event just above the base.

It is possible that multiple nodes in the gene family tree will be assigned to

exactly the same location on the species phylogeny. If one of the nodes is an-

cestral to another, it is placed toward the base of the tree, with a tiny arbitrary

branch length between it and its descendant node. When neither is ancestral,

there is no need to determine which is placed tipward. If multiple nodes in the

gene family tree are placed at a speciation event, the most tipward node(s) are

assumed to come from the speciation event. Any other events at the speciation

correspond with duplications.

At a speciation event, it has been assumed by my model of gene family

evolution that both resulting species will have all genes from the ancestral

species. However, it is possible with the assignments described above that
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Figure 4.2: A tree g of four gene family members found in the four species
shown in tree 4.1. Gene names consist of the species in which that gene was
found followed by an identifying digit. Note that no genes were found in species
C or D. Branch lengths are shown in small numbers to the left of each intern-
ode (where possible). The set of species R which contain one or more of the
descendants of each node in g are shown in braces next to each node. In this
example, the node in g labelled “{A,B}” corresponds with the speciation event
at the more recent common ancestor of species A and B in figure 4.1.

a lineage in the gene phylogeny may exist at a speciation node but not have a

descendant at the tips of all species which descend from that node. In the birth-

death model, this must be caused by one or more losses. This is designated with

a known doomed lineage. A starting tree with a known doomed lineage will not

permit a loss rate of 0. However, as new trees are accepted as rearrangements

(see section 4.6, below), these new trees may allow a loss rate of 0.

Depending on starting options, the user can provide the starting values λ0

and µ0, or they may be guessed by the program. In the latter case, this is done

as follows. Once the starting tree has been found, the number of duplications

in the starting tree are counted, and divided by the total branch length of the

tree. This gives the initial duplication rate λ0. The number of known gene

losses is counted and divided by the the total branch length to give the initial

loss rate µ0. If either of these rates give an expectation of fewer than 1 event in

the whole starting tree, the rate is adjusted upward to provide an expectation
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of 1 event. This method seems likely to provide an underestimate of the true

rates (unless the true rates are very low), as it only includes observed events.

However, it does remove the requirement that the user guess the rates.

Though this method makes use of concepts from Page (1994) in its initial as-

signment of gene family nodes to species nodes, it differs substantially in many

details from his procedure. The most notable difference is that this method is

not designed to minimize any quantity. Rather, it is intended to quickly pro-

vide a gene phylogeny which is consistent with the species phylogeny. It will

hopefully find a gene phylogeny which is not too different in branch lengths

from the UPGMA tree derived from the gene sequences. This is meant to give

a tree with fairly high likelihood. However, it is not guaranteed to do so. If

the tree does not have a high likelihood, the MCMC algorithm will search the

space of trees, eventually finding trees with higher likelihood. Another notable

difference is the specification of branch lengths; Page’s method is concerned

only with topology.

4.6 Tree Rearrangement

This section describes the proposal of new trees G′ for use in the Metropolis

Hastings updates to the Markov chain of trees. It also derives the probability

of a particular proposed rearrangement Q(G′, G), allowing the Hastings ratio

to be determined for a particular tree proposal. The general scheme is to take

a node N , detach the subtree defined by that node from its parent node P , then

reattach N anywhere up to two nodes ancestral to or a descendant from P .

In other words, the method “slides” a subtree up or down at its current loca-

tion, possibly past other nodes. This has some similarity to the rearrangement

method of subtree pruning and regrafting (Swofford et al. 1996), but with sub-

stantial additional constraints due to the use of rooted trees and the restriction
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Figure 4.3: Nodes in G which can be chosen for rearrangement. Node A is inel-
igible because it is a speciation node which specifies a known doomed lineage.
Node B is ineligible because it is one node above the base.

on allowable attachments introduced by the species tree, as well as limitation

to relatively local rearrangements.

A node N in G is chosen at random, with equal probability given to each

available node (See figure 4.3). This node may be a tip, a duplication event, or

it may be due to a speciation event. However, speciation nodes which designate

a known doomed lineage may not be chosen. Because of this limitation, the

number of available nodes will remain the same in every G. In addition, the

node connected to the base of G cannot be chosen. (Note, however, that a node

connected to the root of the gene family tree is an allowable choice.) There will

always be exactly 2n− 2 available nodes, where n is the number of tips in G.

To produce G′, the internode connecting N to its parent node P ∗ is erased. If

P ∗ corresponds to a speciation event, the internode from P ∗ to N is replaced by

a known doomed locus at P ∗. If, as a result of this change, P ∗ now consists of a
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pair of known doomed loci, P ∗ is pruned back toward the root until it reaches a

node at which at least one of the descendants is a surviving locus. This node is

called P . Otherwise, P ∗ is used as P . See figure 4.4 for an example of pruning

back from the original parent node, and figure 4.5 for an example in which the

parent node is not pruned back. (The pruning step avoids many rearrange-

ments which would result in duplications leading to a doomed lineage, which

contribute nothing to the gene family tree. The choice of P can also be thought

of in a different way: We are are only considering those nodes in G which lead

to two surviving lineages.) If P is a duplication event, no additional changes

are made at P . (This will result in a “duplication” node with just one descen-

dant. This will affect the reattachment process, but will be removed after the

rearrangement has been proposed.) N will be reattached either to a nearby

ancestor of P , or to a nearby descendant, but never higher in the tree than the

time of N , and not to a descendant of P where it is in a different species than

N .

First we determine the number of possible reattachment locations for N .

Reattachment is allowed anywhere from up to two nodes up from P to two

nodes down from P , or at any intermediate point. However, this is constrained

as follows:

• N can only reattach in its corresponding branch of the species tree, or

in an ancestor of that branch. Otherwise, reattachment would cause a

lateral transfer event.

• N cannot reattach to a node higher in the tree than N , or to an internode

all of which is higher in the tree than N . This is because the ancestor

cannot be more recent than the descendant.

• N cannot reattach at an existing duplication node, since duplications are



65

assumed to give rise to only a single new gene family member.

• N can reattach at a node corresponding with a speciation event only if

the node has a known doomed lineage in N ’s species. This is because the

lineage must have an explicit ancestor in the gene family tree. Without a

known doomed lineage to replace, it is unclear how N would be attached.

• N may not reattach at P . This is implemented only to reduce the neces-

sary computations.

By travelling the tree two nodes upward and downward from P , following both

loci when travelling upward through a duplication node, it is possible to make

a list of all eligible reattachment nodes and internodes. The total number of

these is designated v. One of v is then chosen at random with equal probability

1/v. If an internode is chosen, the reattachment point is chosen uniformly

between the bottom of the internode and the earlier of the top of the internode

and the time of N .

This may seem to preclude the possibility that a node may be reattached

above its current location, but that is not the case. If a child of N had been

chosen for erasure rather than N , then the location of N could be changed

upward.

The point of reattachment of N to the rest of G′ will be referred to as P ′. If

P ′ is an existing speciation node, we remove the known doomed lineage at P ′.

Attachment in an internode results in a new duplication node at P ′. When the

internode from N to P ′ passes through a speciation event, a node is placed at

each speciation. The descendant of the locus in the species which does not lead

to N is marked as a new known doomed lineage.

The new tree G′ formed by the reattachment is then examined for any un-

necessary nodes. Specifically, any node in G′ associated with a speciation event
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Figure 4.4: Reattachment, example 1: From the tree in figure 4.3, the dupli-
cation is selected as node N , and its parent node (the speciation on the right)
is labelled here as P ∗. After removing the internode to N , P ∗ leads only to
doomed lineages, so it is pruned back until we reach the node P , which leads
to another surviving lineage. The internodes going from N to P are removed,
and N can be reattached up to two nodes away from P . In this tree, there is
only one such lineage available — at the internode between the base and P .
This will result in a duplication between the base and P , and known doomed
lineages going to the left from the two speciation nodes.
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Figure 4.5: Reattachment, example 2: From the tree in figure 4.3, a tip is
selected as node N , and its parent node (the duplication) is labelled here as P .
N can be reattached two nodes away from P . Going upward from P there is one
internode where N can reattach, and downward there are two. Thus, v = 3,
and each of these internodes has a 1/3 chance of being chosen for reattachment.
Though the speciation node below P does have a known doomed lineage, it is
in the other child species, and therefore cannot be used for reattachment.
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is removed if both descendants are now known doomed lineages. Any duplica-

tion node with just one descendant is removed, connecting its child and parent

nodes. These steps are continued recursively until all such unnecessary nodes

are removed.

Once G′ has had these nodes removed, we then begin as for another re-

arrangement, this time choosing the same node N , rather than choosing a node

at random. No proposal is made in this case. Rather, this is done to determine

the number of rearrangements v′ which are available from G′ when detaching

below N . This is used when computing the relative probability of a proposal of

G′ from G versus G from G′, for use in calculating the Hastings ratio for the

probability of acceptance of G′. When P is within an internode, v and v′ for the

other child node of P on G need to be calculated and added in, as well.

The choice to restrict the reattachment of N to two nodes above or below P

is not entirely arbitrary. Two is the minimum node distance which can be used

and guarantee that all possible trees can be achieved by rearrangements. By

keeping possible rearrangements to a relatively small number, it is faster to

count all allowable rearrangements. By keeping rearrangements fairly local,

it is also more likely that the proposed rearrangement will not be rejected.

However, there is potentially a drawback to this, as it is possible that two

relatively likely gene family trees will be separated in the gene family tree

Markov chain by trees with lower likelihoods, slowing the exploration of the

space of likely trees.

4.7 Calculation of Acceptance Probabilities

As stated above in equation 4.3, each proposed change in the tree will be ac-

cepted with probability min(1, r), where r is determined from
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r =
P (D|G′)P (G′|λ, µ)

P (D|G)P (G|λ, µ)

Q(G′, G)

Q(G,G′)

The P (D|G) and P (D|G′) terms are the likelihood of DNA data on a phy-

logeny, and can be calculated as described in Felsenstein (1981b). Calculation

of P (G|λ, µ) and P (G′|λ, µ) has already been described in section 3.4 (starting

on page 31). Q(G,G′) is the probability of proposing G′ when the current tree

is G, while Q(G′, G) is the probability of proposing G if the current tree were

G′. Here, Q(G,G′) is the probability of choosing node N times the probability

of choosing the particular point of reattachment. However, the probability of

choosing a particular node is constant, and as it appears only in a ratio with

an identical term, can be ignored. In the case of reattachment at a speciation

node, the probability of reattachment is just 1/v. When reattachment occurs

within a branch of length l, the point probability density of that particular

reattachment is δl/lv.

The reverse calculation Q(G′, G) can be made analogously, using 1/v′ rather

than 1/v. When detaching at a speciation node and reattaching within a

branch, we will have a probability density on just one side of the ratio of Qs.

However, reattaching within a branch results in the introduction of a new du-

plication event. This duplication event also causes a probability density to be

introduced into the term P (G|λ, µ) or P (G′|λ, µ) (see equation 3.8, page 33) on

the opposite side of the ratio.

4.8 Verification of Results

As the steps performed by the program Quilg are nontrivial, it is important

that they be verified. I have done so by testing in limited special cases in which

the output can be measured against calculations or simpler simulations.

Quilg can accept DNA data for which the state at a particular base is un-
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known. From equation 4.2, the stationary probabilities of the Markov chain

Monte Carlo are

P (Sequences|G)P (G|λ, µ)/P (Sequences|λ, µ)

When the DNA data are unknown, P (Sequences|G) and P (Sequences|λ, µ)

are both 1, and the stationary probabilities of the trees should approach pro-

portionality with P (G|λ, µ). This quantity can be calculated for trees using the

Blurp program. Thus by comparing the stationaries of Quilg with the calcula-

tions of P (G|λ, µ) from Blurp, I was able to verify that the rearrangement and

acceptance schemes in Quilg were correct.

A less accurate but more general method of testing comes from simulation.

I took a known species tree S and generated gene family trees G from S using

known parameters λ and µ. The Gs were then used to simulate a specified

length of DNA data at each tip using an evolution model (Kimura 2 para-

meter) with known parameters. This DNA data was then supplied to Quilg,

which found the likelihood surface of λ and µ for each G. These estimates were

then combined, and the result compared with the known supplied parameters.

These results will be discussed below in chapter 6.

4.8.1 MCMC mixing

Although Markov chain Monte Carlo methods are guaranteed to eventually

reach their stationary probabilities, this may not necessarily be achieved in

a reasonable amount of time. This can be a particular problem if most pro-

posed rearrangements are rejected, or if there are widely separated peaks in

the likelihood surface. The former does not appear to be a problem with my

rearrangement scheme, as (very roughly, and depending on the conditions of

the run) 1/3 of rearrangements are accepted. The latter possibility, however,

cannot be completely excluded.
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To evaluate this potential problem, I ran chains until they appeared to

reach a stable estimate of the parameters. However, this admittedly does not

guarantee that mixing was sufficient. It is still possible that there is some un-

explored area of the space of Gs which has a substantial contribution to the

likelihood. Without a better understanding of the rearrangement method and

its relationship with the tree space, it may not be possible to refute this with

certainty.

In addition, I made small-scale checks of the effect of my method of choos-

ing a starting tree and parameter values was resulting in a long period of

“burn-in” before reaching convergence. To do this, I compared results with the

algorithm’s starting tree and parameters versus supplying the known correct

tree and parameter values. Very inaccurate starting parameter values (off by

a factor of 10) did require more starting chains before a good estimate of λ and

µ were reached. The starting tree, however, appeared to have relatively little

effect on the convergence time.

4.9 Computational Optimization

Due to the many steps required for good mixing, and the substantial calcula-

tions required to compute the probability of the data for each G as well as of

the DNA sequences, Quilg is a slow program. However, it should be possible

to substantially improve its current performance. Some speed improvement

would likely come from more optimized organization of data structures and

other algorithm implementation. Rewriting to allow chains to run on separate

processors would likely speed up results quite a bit.

A promising theoretical improvement would be a heating scheme such as

that described in Geyer and Thompson (1995), in which multiple chains are

run at different “temperatures,” speeding exploration through Gs with lower
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likelihoods. This would also work much faster if an implementation for multi-

ple processors were available.
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Chapter 5

ANALYSIS WITH KNOWN GENE PHYLOGENIES

5.1 Infinite DNA (Unknown Doomed Lineages)

It is computationally much easier to analyze cases where the gene family tree

is known exactly than when only know the DNA sequences are known, and

many different gene family trees are possible. Exact knowledge of the gene

phylogeny corresponds to the hypothetical existence of infinitely long DNA se-

quences for each member of the gene family. Such infinitely long sequences

would allow the gene tree to be known precisely in both topology and branch

lengths. This can be thought of as a special case of equation 3.1 (page 27), in

which all the likelihood comes from a single G, as all other Gs are in conflict

with the data. In all the examples in this section, gene family trees will be

simulated and then taken as known. Using these trees, the properties of the

likelihood surface of λ and µ will be examined in a variety of cases.

Given a known λ and µ and species tree S, simulation of a gene family tree

G∗ within a species tree is straightforward. Starting at the base of the species

tree (potentially prior to its root), and continuing to the tips, the waiting time to

the next event is drawn from the exponential distribution 1
l(λ+µ)

e−l(λ+µ)t, where

l is the number of lineages. If the time drawn is less than the time to the next

speciation event, then the type of event (duplication or loss) is determined and

placed on G∗ on a randomly chosen lineage in that internode, after which sim-

ulation continues within that same species internode. If the time drawn is

instead past the next speciation event, no duplication or loss occurs. Instead,

the genes are copied into each of the daughter species, and simulation contin-
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ues anew in each of those daughters.

After this preliminary G∗ is simulated, the observable G is determined by

retaining only those lineages which survive until the tips, as well as all ances-

tors of those surviving lineages. All other lineages are trimmed off. Note that

it is possible in a birth-death process for no lineages to survive until the tips.

When this occurs, the tree is discarded and a new one is simulated. This is ac-

counted for in the calculation of the probabilities using the method described

in subsection 3.7.4 (page 47). With the resulting G, the likelihood of λ and µ

parameter pairs is evaluated on a grid. By marking the maximum likelihood

{λ, µ} point and showing the approximate contours of the likelihood surface,

this allows the general shape of the likelihood surface to be examined.

It should be remembered throughout this section that the ability to know

G exactly will have an effect on the results. In general, exact knowledge of the

gene family will provide more information on birth and death rates than would

be available with real data. Thus, their estimates will be more exact than they

would realistically be.

5.2 Properties of the Model

5.2.1 Number of gene families

It is important to have an understanding of the amount of information avail-

able in a single gene family tree to infer rates of duplication and loss. In this

subsection, the likelihood surface for single gene family trees will be shown. By

repeating this for a number of different single trees, it is possible to visually

examine the variability of estimates made with a single gene family tree.

The first examples will use the four tip species tree in figure 5.1, with ar-

bitrary letters used as the species labels. Note that I have specified a branch

length below the root of the species tree of 0.4.
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D

Figure 5.1: Species tree example: Likelihood estimates from single gene family
trees

For the first example, I will examine a gene family tree with λ = 1.2 and

µ = 0.8. The simulated tree is shown in figure 5.2 within the species tree from

figure 5.1.

The following figures show the likelihoods for various pairs of values of

λ and µ. The dot represents the “true” values, while the contours show the

95% and 50% approximate confidence regions. These are determined using

the asymptotic property of the likelihood ratio with df = 2. That is, the 95%

confidence region boundary is at 0.5 x 5.9915 (= χ2
2(0.95)) from the maximum

likelihood, while the 50% confidence region is at 0.5 x 1.3863 ( = χ2
2(0.5) ) from

the maximum. It should be noted, however, that I have used the maximum

likelihood value among the parameter pairs tested on a grid. This will in gen-

eral be less than the true maximum likelihood. As a result, the approximate

confidence regions will be slightly larger than would be provided by the true

maximum. We can expect the effect of this to be greatest when the likelihood

curve is steeper, as occurs when data from many trees are combined.

It may be apparent from these figures that the “true” values of the parame-
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Figure 5.2: One gene tree simulated on species tree 5.1. (The duplication near-
est to the tip with species B was moved somewhat upward to make the diagram
easier to read.)
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Figure 5.3: Likelihood surface for the single gene phylogeny shown in figure
5.2. Note that the axes are on a logarithmic scale. The dot in the center shows
the “true” values of the parameters used to simulate the tree.

ters are only rarely found in the 50% approximate confidence region. I have

confirmed this through simulation. In a sample of 100 gene family trees (using

λ = 1.2, µ = 0.8, and the species phylogeny in figure 5.1), the true λ and µ

were only within the 50% confidence region 27 times. It should be remembered

that the confidence regions here are approximate, as they are derived from

the asymptotic properties of the likelihood ratio test. Thus the regions would

be expected to approach true confidence regions as the sample size increases.

Here, however, the sample size is unclear, since each graph comes from a single

tree, on each of which multiple duplication and loss events are possible.

There are a number of observations which can be made from these trees.

The likelihood surfaces vary a great deal from tree to tree, but generally follow

certain kinds of patterns. Those trees that show a duplication have more evi-

dence about the duplication rate. In particular, λ = 0 is inconsistent with such
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Figure 5.4: Likelihood surfaces for 12 different gene family trees produced
with the species tree in figure 5.1 and parameters λ = 1.2 and µ = 0.8; The first
three surfaces correspond with trees A, B, and C (as referred to in table 5.1).
The scales are the same as for figure 5.3.

Figure 5.4: (continued) Trees D, E, and F

Figure 5.4: (continued) Trees G, H, and I

Figure 5.4: (continued) Trees J, K, and L
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Table 5.1: Types of gene phylogenies which gave rise to the likelihood surfaces
in figure 5.4

Has Duplications No Duplications

Known Deletions D BH

No Known Deletions ACEGIJKL F

a tree, and very low values of λ similarly tend to have a low likelihood. Those

trees that require a loss event (that is, which have one or more losses resulting

in a species without any gene family members) are particularly informative

about the loss rate, and are incompatible with µ = 0. Note that with surviving

genes from a birth-death process in a single species, we would never observe a

tree in which a deletion is required. This would be a gene family tree in which

all gene family members have been lost, which of course cannot be observed.

Thus the birth-death process of genes in a tree of species can be much more

informative than the birth-death process in a single species.

From these two types of events — Trees with duplication events and trees

with necessary loss events — we can classify four general kinds of trees. These

are A) trees with duplications and known losses, B) trees with duplications

but no known losses, C) trees without duplications and with known losses, and

D) trees without duplications or known losses. For a summary of the types of

topologies which resulted in the likelihood surfaces in figure 5.4, see table 5.1.

We also can get a rough idea of the ability to infer parameters from a small

tree like this. As each axis shows a factor of 104 for its parameter, the likelihood

surface is less precise than it may seem from these pictures. Nonetheless, even

a small gene family tree tends to have enough information to reject extremely

high values, and usually also very low values of one or both of the parameters.

It is also interesting to observe that there appears to be a small correlation
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between the estimates of λ and µ. Intuitively, one might expect that there

would be an ability to estimate λ−µ or λ/µ, but that determining the individual

parameters might be difficult. This question also arises from the properties of

the birth-death process. Using the probability that a single lineage will go

extinct after time t from equation 3.2, page 31, the probability of survival is

1− P (extinction), which is 1− α, where α is given in equation 3.4 as

α = µ(e(λ−µ)t − 1)/(λe(λ−µ)t − µ)

As t grows large, in the case where λ > µ, we see that

P (nonextinction) → 1− µ/λ as t →∞ (5.1)

However, more informative are the properties of the birth-death process

when considering only surviving lineages. This is shown in Harvey, May, and

Nee (1994) when examining the “reconciled” birth-death process with λ > µ

in a single species. (Their paper is actually framed in terms of a speciation-

extinction process rather than as duplications and losses in a gene family.)

The authors showed that the rate of increase of number of lineages increases

exponentially at the rate λ when near the time of sampling, and as λ− µ near

the first time of duplication. Using this, they demonstrated that both λ and µ

can be estimated when only the surviving lineages from a birth-death process

are observed. It should be noted, however, that there are additional consider-

ations in the present case, as there are multiple species branches, each with

their own birth-death processes, and the number of gene family members at

the beginning of a species internode is not known with certainty.

As shown above, the information available differs greatly even among gene

family trees on the same species tree. Hereafter, in order to summarize in-

formation from multiple gene families, I will make use of 25 gene families for

each case, and add their log likelihoods together for each parameter pair. This
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Figure 5.5: Likelihood surface from 10 gene families with the same parameters

corresponds to the assumption that there are multiple gene families, all with

the same λ and µ (see subsection 3.7.3, page 45). It is important to remem-

ber, however, that the accuracy and confidence intervals will be substantially

better than those which could be derived from a single gene family. For exam-

ple, figure 5.5 shows the likelihood surface when combining likelihoods from

10 gene families on species tree 5.1.

5.2.2 Effect of the species tree and of base branch length

As the process of gene duplication and loss occurs in every internode of the

species tree, the number of such internodes can affect the ability to estimate

duplication and loss rates. In this section, I will show a variety of different

species trees, then show the likelihood surfaces for λ and µ in each. As in

the last section, the true parameter values here are λ = 1.2 and µ = 0.8. In

this section, all figures will show the combined result from 25 simulated gene
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Figure 5.6: Species tree example: With base branch

family trees, rather than the result of a single tree.

I will begin with a three tip tree, shown in figure 5.6. This is the same as

the previous tree (figure 5.1), with one branch removed.

The next tree is exactly the same, but with a 0 length base branch (figure

5.7).

There appears to be little difference between these likelihood surfaces. Note

that the calculations of the likelihood take account for the different lengths of

the base branch in each case. Thus, this is not a test of whether it is important

to analyze the base of the tree, but rather of the effect of the base branch on

the ability to infer birth-death parameters.

Now we will examine some more complex trees. Figure 5.8 shows a fairly

balanced tree with 10 tips, while figure 5.9 uses an unbalanced 10-tip tree.

Though more balanced trees may give a slightly greater amount of informa-

tion, the differences among species trees with the same number of branches is

subtle. From observation of other sets of 25 gene family trees produced on
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Figure 5.7: Species tree example: No base branch
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Figure 5.8: Likelihood surface of a larger tree
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Figure 5.9: Likelihood surface of a large, less “balanced” tree

these species trees, it appears that the difference between these likelihood sur-

faces does not represent a strong pattern; The gene family trees used in 5.9

contained unusually few which excluded low estimates of µ. However, trees

with more tips do allow a more reliable estimate of λ than is available from

trees with fewer branches, as can be seen by the flatter confidence regions in

figures 5.8 and 5.9, as compared with figures 5.6 and 5.7.

5.2.3 Rates of duplication and loss

It is also interesting to ask how the magnitude of the duplication and loss

rates affects their inference. (Since there is no DNA in the analysis in this

section, there is no reason to look at changes to the overall branch lengths

of a tree, since that would be equivalent to rescaling λ and µ.) In general,

we would expect that higher parameter values will be easier to detect, since

their events will be more common. However, as duplications and losses become

very common, our ability to infer them may eventually decline, as many of the
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0.1

Figure 5.10: Species tree example: Effect of scaling parameters

duplication events will be unseen due to losses.

Let us take the species tree in figure 5.10. The effect of different “true”

values of λ and µ are first illustrated in figure 5.11. On the left we see the

situation when the rates are both doubled. For comparison, see the likelihood

surface in figure 5.6. With increased rates, the ability to infer λ is improved,

but inference of µ is largely unaffected.

On the right we see a tree with µ > λ. This tends to result in a likelihood

surface which shows more of a diagonal, suggesting that the two parameter

estimates are correlated. As discussed above, this is not unexpected. It also

tends to produce somewhat larger confidence regions than are seen when λ >

µ.

With only the duplication rate high, λ = 1.8 and µ = 0.1 (see figure 5.12), we

are close to a pure birth process. Here inference of the duplication rate is very

accurate, but inference of the low loss rate is difficult.

When only the loss rate is high, with λ = 0.1 and µ = 1.8, inference is diffi-

cult for both parameters. Note that this figure once again shows the tendency

toward a diagonal likelihood surface, though it is somewhat less pronounced

than in figure 5.11.
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Figure 5.11: On the left: λ = 1.8, µ = 1.2; On the right: λ = 1.2, µ = 1.8
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Figure 5.12: On the left: λ = 1.8, µ = 0.1; On the right: λ = 0.1, µ = 1.8
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5.3 Robustness to Assumptions

5.3.1 Effect of approximating the likelihood calculation

In my calculation of the probability of the gene family tree, there are a pair of

summations (in equation 3.8, page 33) which theoretically need to be made to

infinity. In any case tried, however, it has sufficed to use a cutoff value of at

most twice the maximum number of gene family members in any species. This

can be confirmed by checking the LN(i) values calculated by Blurp for higher

values of i. Here I will instead graphically examine different cutoff values to

look at their effect. The cutoff in the summations affects only the likelihood

calculation and not the simulation of trees. To make the comparison more

accurate, in each set of graphs the exact same set of 25 gene family trees will

be used.

In general, we would expect the cutoff to become important when high num-

bers of doomed lineages are fairly likely. This tends to occur in larger trees, and

with higher rates of λ and µ. See figure 5.14 for results from a 10-tip tree (fig-

ure 5.13) using λ = 2.4 and µ = 1.6. Though results are only shown for a cap

of 1 and of 5 doomed lineages, even when just 2 lineages is used as the cap,

results are very similar to the result on the right.

5.3.2 Gene family ascertainment

It is interesting to consider the reasons why a researcher will want to examine

the likelihood of duplication and loss rates in a gene family. It is possible, for

example, that gene families with more members in each species will be ana-

lyzed disproportionately more often. But if we exclude (or reduce the frequency

of) analysis of certain gene families, this will mislead estimation of their para-

meters.
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Figure 5.13: Species tree example: Effect of approximation of sums
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Figure 5.14: Likelihood surface for an identical set of 25 gene family trees
simulated with λ = 2.4 and µ = 1.6 on tree 5.13. Note that the scale here is
of only a factor of 100 for each parameter, unlike other graphs in this chapter
which use a factor of 10,000. On the left is the surface with a cap of 1 doomed
gene family member on the summation in equation 3.8; on the right with a cap
of 5 doomed gene family members. Surfaces with a cap of 3 or more appear
identical to the graph on the right.
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Unfortunately, it is in most cases extremely difficult to identify what kind

of ascertainment is occurring. However, we can at least look at a few plausible

specific kinds of ascertainment, and evaluate what effect they would have on

estimation.

As was discussed in subsection 3.7.4 (page 47), it is always necessary to con-

dition on observation of at least one gene family member in one of the species.

If no members of the gene family exist, clearly the gene family would not be

studied. This kind of ascertainment correction has been made throughout the

thesis, including in the results in this chapter as well as in chapter 6.

One avoidable but still plausible scenario is that the researcher would only

examine a gene family if it has more than one gene family member in at least

one species. This can be examined by simulating gene family trees as described

before, but discarding any which do not have at least one species with multiple

gene family loci. The likelihood for each {λ, µ} pair is then analyzed only for

these gene families. As before, 25 accepted gene families are analyzed for each

figure. In this subsection, I will be using the 7-tip species tree in figure 5.15.

These examples will again use λ = 1.2 and µ = 0.8.

In figure 5.16, it is easy to see the effect of this. When gene families which

have at most one gene in each species are not analyzed, estimation of λ is

biased upward, and estimation of µ is biased substantially downward.

5.3.3 Species ascertainment

It is also possible that a researcher might analyze only those species which

have one or more members of the gene family. This is a more easily avoidable

kind of ascertainment, but it is still worth taking a look at its effects.

I will continue to use the same 7-tip tree from the previous section (figure

5.15) with λ = 1.2 and µ = 0.8. In this case, all existing gene family members
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Figure 5.15: Species tree example: Effect of ascertainment
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Figure 5.16: Likelihood surfaces for species tree 5.15 with and without gene
family ascertainment; Left: Using all gene family trees; Right: Using only
those trees with two gene family members in at least one species
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Figure 5.17: Likelihood surface for species tree 5.15 when species without gene
family members are ignored.

are observed, but any species branch without any gene family members will be

removed from the analysis. As with all these examples, if the gene family does

not have members in any of the species, then it is rejected and replaced. The

results are shown in figure 5.17. Here estimation if µ is biased downward, but

estimation of λ appears to be fairly robust to this kind of ascertainment.

5.3.4 Effect of missing gene family members

There are now a large number of species for which nearly the complete genome

has been sequenced. But there are still a great many organisms in which find-

ing gene family members is much more difficult. In such a case, the researcher

may well not be able to include all members of the gene family. As was previ-

ously discussed, this can be corrected in the case where the researcher has an

estimate of the chance they might be missing a gene family member. I have

implemented this as a single fixed chance across all species, but it could just
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Figure 5.18: On the left is the species tree used in the following three graphs.
On the right is the likelihood surface obtained with the tree when not missing
any gene family members.

as easily be applied as a separate chance in each species.

To see whether this correction is necessary, I simulated 25 gene family trees

as described in the rest of this chapter, but removed a fixed (50%) fraction of

the loci (and any nodes and internodes which lead only to removed tips) from

analysis before calculating the likelihoods. The resulting likelihood surfaces

are shown in figures 5.18 and 5.19, without removing the tips, when removing

the tips without adjusting the calculations, and with adjustment of the likeli-

hood calculation, as described in section 3.5 (page 36). Here λ = 1.2 and µ = 0.8.

A tree with no observed gene family members (whether because they were all

lost, or in figure 5.19 because they were not observed) was rejected and simu-

lated again. The graphs in figures 5.19 and 5.18 represent the same 25 trees;

The graph in figure 5.18 would have contained the same trees as were used in

figure 5.19, plus any trees which were rejected due to a lack of observation of

genes, but in this case no such trees were simulated.

Here we see that the confidence regions are larger when the sequences may
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Figure 5.19: On the left is the likelihood surface from the tree in figure 5.18
when each gene has a 50% chance of being missed from the analysis, but when
assuming that all genes have been sampled. On the right is the surface ob-
tained when the same genes are missing, but the likelihoods are correctly ad-
justed for a 50% chance of missing each.

be missing, if we correct for the missing data. If we fail to adjust for missing

data, µ in particular is underestimated. This is not an extremely large effect

(though the logarithmic scale of the figures should be kept in mind), but still

suggests that confidence region estimates will be more accurate if the possibil-

ity of missing genes is correctly incorporated in the analysis.
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Chapter 6

ANALYSIS OF DNA SEQUENCES

6.1 Accuracy on Simulated Data

As described in section 4.8, one way to confirm that methods and code are work-

ing is to set up simulations of data under the conditions of the model, and see

if the inferred likelihood surfaces correspond well with the “true” parameter

values. As both the simulations and the inference of the rates are stochastic1,

there will be some variability in the estimates. However, it will be informative

to see the kinds of variance and bias which are present in the values which are

inferred.

For my simulated data runs, I supplied a known species tree (figure 6.1),

known parameters λ and µ of the birth-death process, and 2.0 for the transi-

tion/transversion ratio of the Kimura two parameter model of DNA evolution.

From the species tree and birth-death parameters, 100 gene family trees

G were simulated. Any G which has no surviving lineages was discarded and

simulated again. (Quilg corrects for these missing Gs as described in subsec-

tion 3.7.4, page 47.) For each G, the specified number of bases (200 or 500)

were simulated from the root to the tips using the DNA evolution model, start-

ing with random sequence with an equal chance of each base at the root. The

sequences were labelled with their corresponding species, as is required by

Quilg for input.

Quilg was run once for each set of simulated data. The starting tree was

1As of November 2005, according to the definition of stochastic on the web site Answers.com,
this means I am conducting “stochastic stimulations [sic].”
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0.1

Figure 6.1: Species tree used with simulation study

Table 6.1: Means and SDs of estimated parameters (“true” λ = 1.2, µ = 0.8)
from simulated DNA

Sequence Length Mean λ̂ SD λ̂ Mean µ̂ SD µ̂

200 bases 1.0946 0.3435 0.5223 0.4216

500 bases 1.0740 0.2962 0.5511 0.4137

inferred by the program, but the starting parameters λ0 and µ0 were supplied

from the “true” parameter values of λ = 1.2 and µ = 0.8. With each run of Quilg,

the maximum likelihood estimates of λ̂ and µ̂ were recorded. As described in

section 4.4, Quilg was run in multiple chains for a total of 30,000 proposed

trees. One in ten trees were stored for calculation of likelihoods at the end

of the runs. 10,000 proposed trees (1,000 stored trees) were used in the final

MCMC chain, used to calculate the output maximum likelihood values for λ

and µ. The results for these simulations are summarized in table 6.1.

6.2 ANOVA Methods

Though the results in table 6.1 give a general indication of the accuracy of es-

timation of λ and µ, it is worth examining this in more detail. Even under
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conditions ideal for the model, there are a number of potential sources of inac-

curacy of estimation in this process. Some specific factors which might affect

the estimates are

• The underlying species tree topology and branch lengths

• The different topologies and branch lengths of the gene family trees

• Variability of DNA evolution

• Variability between runs of the MCMC process of estimation

To evaluate the relative importance of each of these potential effects on

estimation of duplication and loss rates, I conducted a nested ANOVA (analysis

of variance) as follows.

• For each of 500 replicates, a species tree was simulated.

• For each species tree, two gene family trees were simulated

• For each gene family tree, two sets of DNA data were simulated

• For each set of DNA sequences, Quilg was run two times to estimate λ̂

and µ̂.

It is necessary to use a nested ANOVA because of the relationship between

the levels of the experimental design. The gene family tree depends on the

species tree in which it is simulated; The DNA sequences depend on the gene

family tree. The MCMC run depends on all three — the species tree, the gene

family tree, and the DNA sequences. As there are two quantities being esti-

mated — λ and µ — I will run this analysis separately on the data for each.
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That is, using the data for λ̂ and µ̂ from the same runs, I will analyze the causes

of variation of each. The factors will be designated as S for the species tree, G

for the gene family tree, and D for the sequence data. Following the methods

in Sokal and Rohlf (1969), the equation for decomposing the variates of each

estimate can be given as

Yijkl = mean + Si + Gij + Dijk + εijkl (6.1)

where Yijkl is the parameter estimate from lth MCMC run with the kth data set

with the jth gene family tree of the ith species tree, “mean” is the parametric

mean of the population, and Si, Gij, and Dijk are the random contributions of

the species tree, gene family tree, and sequence data, respectively. Finally, εijkl

is the error term attributable to each Quilg run. For the initial analysis, I will

assume that Si, Gij, Dijk, and εijkl are normally distributed.

Species trees were simulated using the general method described in Kuh-

ner and Felsenstein (1994). That is, we use a pure birth (“Yule”) process until

the specified number of tips are present, then simulate until one additional

birth event is about to occur, at which point the tree is ended. Unlike the

simulations of Kuhner and Felsenstein, these simulations begin with a single

species, rather than with the first speciation event. The time to the first spe-

ciation event is taken as the length of the base internode of the species tree.

This produces clocklike species trees. As has been noted, however, clocklike

species trees are not necessary for analysis by this method. For the purposes

of this study, the rate of branching was set to give an expected branch length of

0.3 mutations/base, and simulation was stopped just before the first branching

event after five species were present in the phylogeny. The last event serves

just to provide the endpoint of the tree. No further speciations occur after the

fifth species has been produced.
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Table 6.2: Sources of variation in λ̂: df is degrees of freedom; SS is sum of
squares; MS is mean square

Source of variation in λ̂ df SS MS Fs Components

Among Ss 499 891.2683 1.7861 2.1081 17.12%

Among Gs within Ss 500 581.6525 1.1633 4.5330 47.25%

Among D within Gs 1000 303.8537 0.3039 5.2338 31.19%

Within D 2000 40.3802 0.0202 4.44%

Gene family trees were simulated as described before in section 4.1, page

50. For purposes of these simulations, the “true” parameter values were λ = 1.2

and µ = 0.8.

For each gene family tree, 500 bases of DNA were simulated (twice) using a

transition/transversion ratio of 2.0, and starting with random DNA at the root

of the gene family tree.

Quilg was run twice on each set of DNA data. It was supplied with the

correct known parameters of DNA evolution. The starting trees and starting

values λ0 and µ0 were determined by Quilg based on the data (see section 4.5,

page 58).

6.3 Sources of Variance in Estimation

For both λ̂ and µ̂, the results are similar. A small part of the variance comes

from within DNA sequences, which is to say between runs of the Quilg program

for the same set of data. This suggests that variance would be reduced by the

use of longer MCMC chains or by improving the rearrangement scheme to pre-

vent becoming stuck with an inaccurate estimate of the parameters. However,

the proportion of the variance between Quilg runs is relatively small, so the

computer time needed to run longer chains might not be worthwhile.
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Table 6.3: Sources of variation in µ̂

Source of variation in µ̂ df SS MS Fs Components

Among Ss 499 201.6930 0.4042 1.2457 8.85%

Among Gs within Ss 500 162.2318 0.3245 4.2788 55.18%

Among D within Gs 1000 75.8303 0.0758 14.5497 31.35%

Within D 2000 10.4236 0.0052 4.63%

Assuming normality of the estimates, a small but significant (p < 0.01 for

the least significant example) amount of variance appears to be associated

with differences between species trees. This kind of variance will tend to be

unavoidable, because most researchers will likely be choosing their species to

study for reasons other than accuracy of the estimates obtained for duplication

and loss rates. There should be some room to examine exactly which shapes

and branch lengths of species trees give the most precise estimates of λ and µ.

The results in section 5.2 (page 74) show some specific examples of this.

There is a substantial amount of variance in the gene family trees for a par-

ticular species tree. This is in keeping with the analysis of known gene family

trees in chapter 5. This is especially clear in subsection 5.2.1, where the differ-

ences in the likelihood surface from single gene family trees are shown. There,

some gene family trees are much more informative for one of the parameters

than the other.

A moderate amount of variance is attributable to different DNA sequences

for a particular gene family tree. This suggests that methods which assume

the sequences give a precise picture of the gene family tree will be greatly

overestimating the certainty available with their data.

If we instead assume that variation in λ̂ and µ̂ is multiplicative, transform-
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Table 6.4: Sources of variation in log λ̂

Source of variation in log λ̂ df SS MS Fs Components

Among Ss 499 954.4687 1.9128 1.6024 17.85%

Among Gs within Ss 500 596.8448 1.1937 3.2375 40.97%

Among D within Gs 1000 368.7036 0.3687 8.0307 32.06%

Within D 2000 91.8239 0.0459 9.12%

Table 6.5: Sources of variation in log µ̂

Source of variation in log µ̂ df SS MS Fs Components

Among Ss 499 902.9287 1.8095 1.3662 11.82%

Among Gs within Ss 500 662.2518 1.3245 3.4049 45.60%

Among D within Gs 1000 389.0033 0.3890 8.1312 33.26%

Within D 2000 95.6816 0.0478 9.32%

ing the data by its log gives the results in tables 6.4 and 6.5. As the distribution

of estimates appears by inspection to be closer to normality when the log of the

estimates is taken, there is some justification for this transformation.
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Chapter 7

SUMMARY

In this dissertation, I have presented a simple model of the evolution of

members of a gene family. Using this model, I have shown how to calculate the

likelihood of a particular gene family tree and thereby find the maximum like-

lihood estimates of λ and µ, the parameters of the model. By employing Markov

chain Monte Carlo to search among different possible gene family trees, it was

possible to show how to infer likelihoods for the parameters even when only

DNA sequences are available, and the gene family tree was not known.

To examine the properties of inference of duplication and loss rates under

a variety of circumstances, I implemented these methods in a pair of computer

programs. The simpler of the programs, Blurp, calculates the probability of a

particular gene family tree for a range of values of λ and µ. This allowed the

examination of the ability to infer duplication and loss rates in a variety of cir-

cumstances. This in turn permitted the examination of inference with different

gene family trees, the effect of the species tree on inference of rates, the ability

to infer higher or lower rates of duplication and loss. In addition, robustness

of the model was examined by simulating trees under different models and

observing the effect on Blurp’s inference of rates.

The more complex of the programs, Quilg, does not assume a single gene

family tree, but rather sums over possible gene family trees. As there are a

great many possible gene family trees, Quilg uses Markov chain Monte Carlo

as an importance sampling method, concentrating the search on those gene

family trees which provide a better explanation of the data. This program al-
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lowed the examination of the variability in estimation introduced by imprecise

knowledge of the gene family tree.

The evolution of gene families is a fundamental question in evolutionary

genetics, as it is potentially the source of many or most new genes. In addition,

an understanding of gene family evolution is needed when using members of a

gene family to address other evolutionary questions. I have attempted in this

thesis to provide a useful tool in the analysis of gene family evolution. With the

presented model and computer implementation, it is possible to infer parame-

ters of duplication and loss rates in a gene family. With an improved knowledge

of the rates of duplication and loss of genes, we will have a better picture of the

rate and manner in which new genes have arisen. There are many more com-

plicated models — of genome duplications, changing duplication and loss rates,

or selection on the number of gene family members — which are not covered in

this model. However, when each of these have been implemented, it will often

be necessary to compare against a null model such as the simple birth-death

process I have described.
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Chapter 8

ADDITIONAL CONCERNS

In this chapter, I will examine some related evolutionary topics which might

be analyzed with methods similar to those presented in this thesis.

8.1 Genomic Effects

8.1.1 Genomic duplication

It has been proposed (and also disputed) that the duplication of the entire

genome has occurred in the history of a number of lineages (for example, see

Nadeau and Sankoff 1997 on the mouse and human lineages). When such an

event takes place, every locus in the genome simultaneously gives rise to an-

other identical locus. This is not allowed in the model I have presented. How-

ever, it would be interesting to extend the model to include such events. One

extreme model — similar to the parsimony model proposed by Guigó, Muchnik

and Smith (1996) — would be to replace duplication events with genome du-

plication events. This would result in a model in which the rate of duplication

events would not depend on the number of gene family members. Using the

terminology from section 3.4 (page 31), letting the rate of genome duplications

be λgenome, and ignoring loss events, the probability of an internode not ending

in a tip (including the point probability density of the event) is

LN ′(0) = e−t/λgenomeLN(0) (8.1)

This is independent of s (the number of gene family members in the internode).

Also note that without loss events, only L(0) needs to be calculated, since all
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lineages will be observed.

With both genome duplication and simple loss events, the situation is some-

what more complicated. Unlike in the simple birth-death model, doomed lin-

eages can arise from the same duplication event which leads to multiple sur-

viving lineages. Because of this, it is easier to redefine the gene family tree,

and explicitly include all genomic duplication events, even if they give rise only

to doomed lineages. With this definition, in place of equation 8.1 we have

LN ′(i) = e−t/λgenome

∞∑

k=0

pi→k(t)LN(k + m) (8.2)

Where m is the number of doomed lineages which arise from the genomic dupli-

cation event at the tip. The other terms are defined as shown before in section

3.4, though pi→k is calculated with λ = 0, since we have not allowed simple

duplication events.

It would be worthwhile to model both genomic duplication events and sim-

ple duplication events. With such a model, it would be possible to use likeli-

hood ratio tests to compare a model with both simple duplications and genomic

duplications with more restricted models with just simple duplications or just

genomic duplications. This should allow the determination of whether simple

duplications alone (or genomic duplications alone) can be rejected as an expla-

nation of duplications in the gene families being studied.

8.1.2 Other birth-death models

Throughout this thesis, I have assumed a simple birth-death model for the du-

plication and loss of gene family members. However, as discussed in subsection

3.6.1 (page 37) and also subsection 3.7.2 (page 42), this is in some cases an un-

realistic model. We might prefer to disallow the last member of the gene family

from being lost in a lineage, or perhaps include other changes in the transition
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probabilities from the simple birth-death model.

My assumption of a simple birth-death process was made to simplify and

speed the calculation of probabilities for gene family trees. Because of the

use of the simple birth-death process, it was not necessary to keep track of

loss events, and duplication events were only included in the tree when both

resulting gene family members had surviving descendants. This is useful from

a computational perspective, as loss events (and duplication events for which

one of the resulting lineages is doomed) do not affect the probability of the

data, since they have no effect on the branch lengths or topology between tips

with DNA sequences.

Although this was a useful simplification to make, by relaxing this assump-

tion, we would be able to include some potentially more realistic models. How-

ever, to do so, it would be necessary to keep track not only of surviving lin-

eages, but also of doomed lineages. This is necessary because the introduction

of a new doomed lineage can affect the probability of a new duplication or loss

event.

A formulation of the gene family tree including all doomed lineages is cer-

tainly possible, and the calculation of probabilities on such a tree should not

be difficult. However, when including doomed lineages, there are many more

gene family trees among which to search. Coming up with a scheme to search

efficiently among trees would be very important, especially in cases with large

µ and λ, for which trees with many doomed lineages could have a relatively

high likelihoods.

8.1.3 Rearrangements

Genome rearrangement through inversions has been modelled by Larget, Si-

mon, and Kadane (2002). As described in section 2.7 (page 23), the authors
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modelled inversion events as occurring at a constant rate in each species, with

each possible “reversal” having equal probability. They then used MCMC in

a Bayesian framework to use mitochondrial gene order data to infer phyloge-

netic relationships. Rather than infer the rate of inversion events, though, the

authors make a simple estimate of the inversion rate using a neighbor joining

tree of the taxa using pairwise inversion distances. This rate is then used as a

known value when evaluating the probability of proposed sets of inversions.

It would be possible, however, for the inversion rate to be inferred, instead.

This could be done in using Bayesian updates to the inversion rate parameter,

or the rate could be successively estimated as I have done for the estimation of

duplication and loss parameters.

As suggested in Larget, et al. (2004), it would be worthwhile to add a model

of transposition and duplication events to their framework. This would allow

more accurate estimation of phylogenetic relationships from gene order data.

It would also estimation of the relative frequencies of each kind of genomic

rearrangement.

8.1.4 Gene conversion

The model presented in this thesis does not allow for gene conversion events, in

which part or all of one locus is replaced by the corresponding part of another

related locus. Such an extension would not, however, be impossible. Here I

will briefly frame a few such models, and outline methods necessary for the

implementation of probability calculations on such a model.

I will first examine the possibility of whole gene conversion. In this case,

one locus is replaced in its entirety by another member of the gene family.

Here the extension to the model is conceptually simple — This introduces a

third kind of event, the whole gene conversion, along with an associated rate.
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A gene conversion event results in a simultaneous deletion of one locus and the

duplication of another locus in that same species.

The method by which these events are modelled affects the difficulty of

their calculation. One plausible model would be that the rate of such events

will depend on the number of pairs of existing members of the gene family. i.e.,
(members

2

)
times an overall whole gene conversion rate. Though this appears to

be a small change, the effect on the model is substantial. Since the rate of

these duplication-loss events is not proportional to the number of gene family

members, we can no longer treat events on each locus as independent.

Another plausible model is that the rate of these events will depend on the

number of loci, not on the number of locus pairs. When such an event occurs,

one gene is chosen at random as the replacing gene, and another (possible the

same gene) is chosen as the replaced gene. In this case, the frequency of such

events per locus does not depend on the total number of gene family members.

However, even under this model, each event affects a pair of loci, and thus

events at each locus are not independent.

Which of these models is a better choice? One can propose explanations

which would support either. The locus pair model would correspond with the

loci meeting at random in a meiosis, at which point the gene conversion would

occur. The proportional model, on the other hand, would correspond with a cel-

lular event (independent of the number of gene family members in the genome)

which makes one particular member of the pair prone to gene conversion. In

practice it may be possible to model both and test goodness of fit with the data.

It may also be possible to perform laboratory tests for each of these events, and

examine the frequency of gene conversion events in the presence of different

numbers of gene family members.

In practice, however, it may well be best to use the per-locus model regard-
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less of which model is more accurate. Even if the gene pair model is more

accurate, the single gene model could still be very close if the number of gene

family members is roughly similar throughout the tree.

If we allow gene conversion to replace part of a gene family member, rather

then the entire locus, then the model and calculations are necessarily substan-

tially more complex. First we must model the frequency of such events. This

can be done as described above for whole gene conversion. In addition, there

must be a model for the part of the gene affected by the conversion event. One

such model would be to choose a random base from within the converted gene

as the starting point. Going in a randomly chosen direction (3’ or 5’), the con-

verted DNA would continue for a geometrically distributed number of bases.

If this goes beyond the end of the gene, we would not consider the bases which

are not part of the gene. There is some justification for the use of geomet-

ric distribution; In Engels (1994), the author found a good fit of inferred gene

conversion tracks to a geometric model.

This can result in a different history for different bases in each locus. The

history of nearby bases would tend to be more closely related than that of more

distant bases, but the degree of correlation between them is not obvious. The

history of each individual base, however, could still be described by a tree.

This may be similar to the calculation of likelihoods on trees of related

copies of a locus within a single population, as studied by Kuhner, Yamato,

and Felsenstein (2000). The implementation of a method for probability cal-

culations and rearrangements in such a “tree” space is difficult, but the basic

methods have already been developed in that context.
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8.2 Population Size Effects and Coalescent Times

My model of the birth-death process assumes that each individual in the popu-

lation has the same number of members of the gene family — When there is a

duplication, the new locus is found in all members of the population, and like-

wise all members of the population simultaneously lose the locus when there

is a gene loss. There is assumed to be a single copy at each locus. These are

equivalent to the assumption that there is a single haploid individual in each

species.

When considering a larger population, base changes, gene losses, and gene

duplications will take place in a single individual. Such changes will often be

lost rather than fixed throughout the population. The process of fixation or loss

of such a change could occur over a number of generations. It is possible that

speciation might occur when a duplication or deletion is found in only part of

the population. Each resulting species could then have the same or different

frequencies of the mutation. In such a case, the common ancestor of the locus

in the two species would exist prior to the time of speciation. It is also possible

that a duplication event could take place in ancestral species and be fixed in

one child species but not in the other.

Ideally, we would model duplications and losses as occurring in individual

members of each species. This has been done for a number of studies of popula-

tion parameters, such as in Kuhner, Yamato and Felsenstein (1995). However,

combining the coalescent process used to describe the relationship between a

sample of alleles and the birth-death process of gene duplications and losses

could be complicated.

Following well known results of population genetics, the probability of fix-

ation of a selectively neutral change will be 1/2Ne, where Ne is the effective

population size. As the frequency of these mutations in the population is pro-
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portional to Ne, this results in a roughly constant rate (though this assumes

that the rate of neutral mutations does not differ with population size, which

is not entirely correct). Because of this, the assumption of a constant rate for

duplication and losses may be reasonable for neutral changes.

However, as was previously discussed in section 2.4, this does not hold if

new duplications gain new, selectively advantageous functions. In this case,

the rate of fixation of duplicate genes will depend on Ne. Thus, when consid-

ering models of selection on new gene duplicates, modelling population size

(and changes in population size) would become more important. To properly

model this, it may be necessary to attempt to integrate over possible ancestral

population sizes, probably using MCMC. This has been done in certain simpler

cases (without considering gene families) starting with Nielsen and Wakeley

(2001) and Rannala and Yang (2003).

There are limits to the amount of information available about past pop-

ulation sizes and times of events. Once all sampled copies at a locus have

coalesced, we will not have any further information about the size of the pop-

ulation. However, each speciation event will result in at least two copies at

each locus, each representing the coalesced ancestor in each of the descendant

species. Thus there will be some amount of information about population size

even far from the tips of the tree.

8.3 Uncertainty in the Species Tree

Throughout this dissertation, the species tree has been assumed to be known

both in topology and in branch lengths, based on analysis of other genes’ se-

quences or other phylogenetically informative traits. However, the species tree

is not necessarily known with certainty. Also, the sequences of the gene family

under study themselves contain information about the species phylogeny. It
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should be possible to infer both the species phylogeny and the gene phylogeny

using data from a gene family. Ideally it would be beneficial to use information

from multiple gene families in order to determine the phylogeny.

Better yet, rather than assume a single phylogeny to be correct, one would

prefer to sample over the possible phylogenies proportional to their probabil-

ity, much as my method samples over possible gene phylogenies. This is a

real possibility. In an MCMC method similar to that used for gene family re-

arrangements in this thesis, some of the proposed changes would need to be

rearrangements of the species phylogeny, instead. Accomplishing this while

keeping the gene phylogenies consistent with the DNA sequences could be dif-

ficult, though. The “rubber band” algorithm used in Rannala and Yang (2003)

is a likely candidate for the role — Here a node in the species tree is reattached

at a different point in the species trees, and any affected branches in the gene

tree (the tree of related copies at a single locus, not to be mistaken for the gene

family tree) are linearly rescaled to adjust to the altered branch lengths in the

species tree. This would likely allow rearrangements of the species tree with-

out too greatly reducing the probability of the sequences on the proposed new

tree.

Though theoretically appealing, the usefulness of such a method may be

limited. Where there are already large numbers of genes which have been

sequenced in each of the species in the phylogeny, there will in general be

little to gain by the addition of phylogenetic information from the studied gene

family. The inclusion of uncertainty about the species phylogeny would most

likely be of greater importance.

Another, simpler, way to allow for uncertainty in the phylogeny would be

through resampling. This was suggested in a somewhat different context by

Page and Cotton (2000) and originally in the context of phylogenies by Felsen-
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stein (1985). By bootstrapping (or otherwise resampling) the sequence data

used to infer the species phylogeny, one can obtain a phylogeny for each boot-

strap replicate. By analyzing each of these bootstrap phylogenies as the as-

sumed phylogeny, one could summarize over the results, allowing (somewhat

imperfectly) for the lack of certainty about the species tree. However, currently

the computational time for bootstrap replicates would be very high.

8.4 Related Fields

8.4.1 Speciation models

The literature of speciation and extinction processes has focused, for the most

part, on tree imbalance. That is, the pattern of branching of trees is tested ver-

sus various null models of tree distributions. Very little of the research makes

reference to explicit models of speciation and extinction, and so probabilities

of trees are rarely calculated. Many of these tree imbalance methods were

summarized and compared in Kirkpatrick and Slatkin (1993).

By modelling speciation and extinction explicitly, perhaps in a birth-death

model, we would expect to be able to estimate those parameters much as has

been done in this thesis for gene duplication and loss. The work of Paradis

(1998) provides one probabilistic model of speciations. However, the model

presented does not allow for extinction events. Another approach has been

taken by Nicolas Salamin (personal communication), in which MCMC is used

to sample many possible speciation-extinction trees.

Rannala and Yang (1996) model species phylogenies as coming from a birth-

death process. Though this is presented as a nuisance parameter in the infer-

ence of species trees, their method could potentially be applied to the inference

of speciation and extinction rates. A framework for doing so has been described

in Felsenstein (2004), in which the author showed the use of a time transforma-
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tion which should allow tests of speciation times versus a uniform distribution

on that transformed time scale. This result is summarized in subsection 3.7.2

(page 42).

8.4.2 Host/parasite coevolution; Biogeography

In this thesis, I have examined the placement of a gene phylogeny within a

species phylogeny. Though seemingly unrelated, there are similar topological

issues involved in the fields of host/parasite coevolution and in certain formu-

lations of biogeographic hypotheses.

In host/parasite coevolution, the researcher is interested in a group of re-

lated parasites and their hosts (also related to one another) and would like to

find out how the parasites evolved on the hosts. Such a model involves a tree

of the hosts, and can allow speciation, extinction, and host switching events

for the parasite species. In a parsimony-based tree reconciliation model such

at that used by Page and Charleston (1997), these speciation events are equiv-

alent to duplication events in a gene family tree. Likewise extinction events

correspond with gene losses. There is no simple equivalent to host switching

events. However, if the gene duplication model allows for lateral transfers (see

subsection 8.5.2), then these correspond with host switching. In the case of

host/parasite coevolution, this has been studied in a probabilistic context by

Huelsenbeck, Rannala and Larget (2000).

There is a very similar set of events in models of vicariance biogeography. In

this case, the researcher is interested in a set of related species, and their host

regions in an area which has been subdivided by historical geographic events.

In this case, speciation is again equivalent to duplication on a gene family

tree, extinction corresponds with gene losses, and moving from one geographic

region to another (a dispersal event) would correspond with lateral transfer.
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8.5 Genomic Context

8.5.1 Nearby sequences

Throughout this thesis, each locus has been assumed to consist of a certain set

of bases specified by the researcher. However, it is unlikely that each duplica-

tion event affecting the loci in a gene family will duplicate precisely the same

bases. If gene duplication events also contain some of the surrounding DNA,

then there should be information about the relationship of gene family mem-

bers in nearby DNA as well as in the locus, itself. This information would take

the form of both additional bases to be considered in the analysis (resulting in

more accurate inference of the relationship between gene family members) as

well as from the boundaries and inferred order of such duplication events.

To consider genomic context, there needs to be a more detailed model of

the gene duplication process. In addition to considering the frequency of such

events, we must also model the extent of duplications. For example, one such

model would be to assume the duplication event contains the entire gene fam-

ily member, plus a geometrically distributed number of base pairs on either

side of the gene, with an assumed or inferred value for the parameter of the

distribution.

Thus, in this model, each duplication event is associated with the extent

of the duplicated region. Ideally we would want to integrate over all possible

extents for every duplication in the gene family tree. However, it may be more

feasible to assign proposals for the length of the duplication as part of the

MCMC sampling process. It is likely that some duplication events will contain

DNA which is not ancestral to any of the sampled DNA sequences. This is

possible even when we assume that very long sequences were sampled. This

should speed the sampling of gene family trees somewhat, since the probability



115

of the data from unsampled sequences is very easy to calculate.

8.5.2 Lateral transfer

My model for gene duplication and loss does not include the possibility that

a locus may be introduced from another species. If we wish to model such

events, another rate, the lateral transfer rate in each species, could be intro-

duced. Unfortunately, the possibility of such an event will necessarily depend

on the number of gene family members in the other species. This is because a

species in which all members of the gene family have been lost cannot possibly

be the source of a lateral transfer event. Thus some simplified methods of al-

lowing these events would not be possible. Instead, it will likely be necessary

to explicitly model each lateral transfer event.

An MCMC model of this kind has been described by Suchard (2005). In

this paper, Suchard describes lateral transfer according to two different mod-

els, defined based on the topological changes they induce when there is a lat-

eral transfer event. The method was then implemented and tested on a set of

prokaryotic gene sequences.

8.5.3 A more general model

Although there are considerable difficulties which prevent its current imple-

mentation, it is worth considering a broader model of genomic rearrangement.

On a genome we can imagine a set of operations which act to change, delete

from, add to, and/or rearrange its sequence. Some examples would likely be

• Mutation at a single site

• Mutation at pairs or larger groups of sites (such as occurs due to UV

radiation)
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• Deletion of a stretch of bases

• Tandem duplication of regions

• Addition or loss of short repeats, or the initiation of a short repeat region

• Duplication to a region distant from the original sequence

• Replacement of a region by another region due to homologous recombina-

tion

• Transposition of a region to a distant location

In addition, each of these events will necessarily occur in a single individual

genome, not instantaneously throughout the population.

The combination of these manipulations would be a very complicated graph

which I will refer to as the genomic history H. However complicated the graph

may become, the relationship of each individual site can always be represented

by a tree.

This problem is a superset of the global multiple alignment question —

Since H includes all rearrangements, duplications, and deletions, the (pro-

posed) relative locations of all of the bases will be known. Thus, although each

site in the resulting genomes may have a different tree than its neighbor, we

will still be able to calculate the probability of the observed sequence at each

base as P (data at site|tree of this site). If the site has undergone a duplication,

this may be a tree of multiple related base pairs in each species. Since this

model allows new sites to arise, it is possible that the tree of a particular site

may not exist in all species being considered. In any case, the method of calcu-

lation will be the same. Conditioning on H and the parameters of the processes,
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multiplying these probabilities for all base pairs in all species (including the

probability at each base just once), we could obtain P (genome sequences|H, θ).

Using this, we could imagine a similar approach to that used in this thesis

to calculate

P (Genome sequences|Parameters of the processes)

=
∑
H

P (H|θ)P (Genome sequences|H, θ))
(8.3)

Though it should be possible to calculate P (genome sequences|H, θ), P (H|θ)
can be determined only if each of the processes is modelled in such a way as to

allow the computation of probabilities. This should be possible, though choos-

ing sensible models will not be easy.

Most difficult certainly would be the summation over possible Hs. The

space of Hs is vast, and most will result in an unacceptably low likelihood.

Therefore it will be necessary to use importance sampling to efficiently search

H. For some kinds of rearrangements (for example, with transpositions), most

such events will result in a very low likelihood. If the vast majority of pro-

posed changes are rejected, it will likely take too many MCMC steps for the

space to be satisfactorily sampled in a reasonable amount of time. (Methods

such as simulated annealing would reduce but not fix this problem.) Therefore

the schemes for proposed changes will need to chosen such that proposals will

tend to have a reasonably high likelihood. This will probably be very difficult

to achieve. An additional complication is that any proposed rearrangement of

H will need to produce the correct number of bases in each species.

Though difficult, these problems may well be surmountable. Though effec-

tive methods for proposals of changes to H are not obvious, there has been

work done (see, for example, the discussion of genomic rearrangement models

in section 2.7, page 23) which suggests possible rearrangement schemes for cer-

tain kinds of events. Orthoparamap (Cannon and Young 2003) demonstrates
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another possible proposal method — A sufficiently accurate heuristic could be

used to propose new rearrangements, which could then be altered with smaller

rearrangements capable of reaching the entire space. There are, however, po-

tential problems with this approach. The probability of making a particular

proposal (needed for calculation of the Hastings ratio) could be very difficult

to determine. And some heuristics – especially those which determine a sin-

gle optimum set of arrangements – could systematically miss certain kinds of

rearrangements, causing parts of the space to be completely unsearched.

Even if the difficulties are not solvable, there is nonetheless some merit

in considering the formulation of such a complicated model, as it places these

many seemingly disconnected evolutionary events into a single context. This

could serve as a point of comparison with simpler models, and might provide a

basis for simplifying approximations.
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